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We want a Robot that can See and Move
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Anatomy of Rigid Multi-Link Robots

L

e o

er ctor

Link (Rigid body)




We will only discuss these two types of robot joints

Typical Robot Joints
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Where is the Robot?

ldea: Specify the end-effector pose (location p2 and rotation R?)




Where is the Robot?

However, these two configurations end up in the same end-effector pose




Configuration Space vs. Task (Operational) Space

Configuration: a complete specification of
the position of every point of the robot (e.g.
angle of a revolute joint or displacement of
a prismatic joint).

Configuration space (C-space): the n-
dimensional space containing all possible
configurations of the robot.

Task space: the space in which the robot’s
task is naturally expressed.
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Task (Operational) Space vs. Work space

Task space: the space in which the robot's
task is naturally expressed.

Work space: the space in which the robot’s
end-effector can reach.

Workspace

/L

(a) A workspace, and lefty and righty (b) Geometric solution.
configurations.



Degree of Freedom

(z,9)

Degree of Freedom (DoF): The minimum
number n of real-valued coordinates
needed to represent the configuration.

><) Y

1 DoF > 2 DoF <3
% Revolute I Cylindrical
: (R) k (C)
1 DoF s
% Prismatic 2 Dok <2
(P) Universal
1 DoF Q@b (U)
o~
Helical 3 DoF orica

(5)
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Degree of Freedom

Degree of Freedom: sum of freedoms of the bodies - #. of independent constraints
or
#. of variables - #. of independent equations
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#. of variables = 2 (coordinates) * 3 (points) #. of variables =6 (X,Y, Z, pitch, roll, yaw) #. of variables =6 (X, Y, Z, pitch, roll, yaw)
#. of independent equations = 3 (da¢, dag, dpc) #. of independent equations =5 #. of independent equations =5

DoF =3 (x,y,0) DoF =1 (0) DoF =1 (d)
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A robot is kinematically redundant if it has more DoF than the dimension
of the task space, which provides more solutions to reach a pose.

Gribler’s formula for the number of degrees of freedom of the robot s

#. links
A J
dof = m(N[—-1) — Zc,,;
rigid bod?freedoms \z’:l ,
joint constraints
Franka Emika Panda Robot URSE Robot

Joint 5
&

Joint 4 Joint 3

(z"

Joint 1 \%\}\

& Joint 0
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What is the Pose of a Robot's End Effector
given Its Configuration?




Forward Kinematics: Calculate the Pose of a
Robot End-Effector given the Configuration
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« We can calculate by Euclidean
geometry, but is there any more
general formulation?

« Let ¢, denote cos¥, and s,
denote sin Y,

0 s12  c12 aici +ascie

b 10 —ci12 812 @181+ a2812
Te(q) — 1 0 0 0
0 0 0 1




Forward Kinematics: Calculate the Pose of a
Robot End-Effector given the Configuration

« We can consider each joint applies coordinate transformation
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Rigid-Body Transformation
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Forward Kinematics: Calculate the Pose of a
Robot End-Effector given the Configuration

« We can consider each joint applies coordinate transformation

Coordinate transformation from the
end-effector frame to Frame n

Teb(q) = @(Ch) m

Coordinate transformation from
Frame O to the robot base frame

Frame O
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How to Determine Frames Attached to the Two Links?

JOINT 1—1 JOINT 1 JOINT i+1
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Decide Frames with Denavit-Hartenberg Convention

JOINT 21—-1 JOINT 1 JOINT 21+1

1. Choose axis z; along the axis of
Jointi+1
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Decide Frames with Denavit-Hartenberg Convention

JOINT 71-1 JOINT 1 JOINT 1+1

1. Choose axis z; along the axis of
Jointi+1

2. (Choose axis x; along the
direction of the common
normal (vector of minimum
distance between axis z; and

Zi_1)
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Decide Frames with Denavit-Hartenberg Convention

JOINT 71-1 JOINT 1 JOINT 1+1

1. Choose axis z; along the axis of
Jointi+1

2. (Choose axis x; along the
direction of the common
normal (vector of minimum
distance between axis z; and
Zi—1)

3. AXis y; is decided by right-hand
rule
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What are the Spatial Transformations under
Denavit-Hartenberg Convention?

JOINT i—1 JOINT 1 JOINT 1i+1

1 0 0
_ |V Ca S

N

0 O 0

22




What are the Spatial Transformations under
Denavit-Hartenberg Convention?

JOINT 1—1 JOINT 1 JOINT 1i+1

&

S O O
O R <
—_ OO
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What are the Spatial Transformations under
Denavit-Hartenberg Convention?

JOINT 1—1 JOINT 1 JOINT 1i+1

00O -
cCoOoR O
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What are the Spatial Transformations under
Denavit-Hartenberg Convention?

JOINT i—1 JOINT 1 JOINT 1i+1

Cﬁl. —Sﬁl 0

_ %0 % 0
1 0 0 1
0 O 0
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What are the Spatial Transformations under
Denavit-Hartenberg Convention?

JOINT 1—-1 JOINT 2 JOINT 1+1

i—1 _ i—1pi!
C,9l —S9.Cq SﬁiSal. A;Cy
B 5191 Cﬁicai —CgiSa aiSﬁi
0 Sg, Ca; di
0 O 0 1
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Forward Kinematics: Calculate the Pose of a
Robot End-Effector given the Configuration

« We known;

Cy,

Transformation from Ai-1| = 59,

jointitoframei—1 i |
Transformation from joint |

n to the robot base

Transformation from the end-
effector to the robot base

—59;Cay
cﬁicai
Sa,
0

< A45(q)

0A7(q1) -

SgiSal.
— 095

a; Cﬁi'
CliS,gl.

Ca:i di
0 1

> Configuration of joint n

A1 (qn)

Ae

— |, [ransformation from the

p° = AGAL(q1) ... AR () AL P®

end-effector to joint n

« Since the end-effector pose at the end-effector frame is constant, we can re-
write the end-effector pose at the robot base frame as a function of q: f(q)
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Inverse Kinematics: Calculate the Robot
Configuration given a Pose of the End-Effector

Forward kinematic:
end—effector pose = f(q)
INnverse kinematic:

q = f~!(end—effector pose)

28



Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

(677 dz' ’191'

0 0 9

0 0 s

0 0 95

0 a;cT

0 .S )

X “"bs“ i=1,23.

0 1 _

cos(¥; + 39, + 93)

—8123 0 aj1c1 + ascia + agleios |
ci2s 0 a;s; + azs12 + a3si23

0 1 0

0 0 1
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Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

"c123 —S123 0 ai1c1 + azci2 +ascia3
Tg(q) _ A?A%A% _ 5123 C123 0 a181 + azs12 + assias
0 0 1 0
L 0 0 0 1
~0 0 1 07
O 1 0 O
T3 =
€ -1 0 0 O
0 0 0 1_

Origin of the
—> end-effector

end—effector pose = TJTS>
frame

- oo o
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Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

"c123 —S123 0 ai1c1 + azci2 +ascia3
Tg(q) _ A?A%Ag _ 8153 01;3 []? a1 $1 -+ a2862 —|—a38123
L0 0 0 1
-0 0 1 07
s |0 1 00
T. = -1 0 0 O
L0 0 O 1. o
Px
end—effector pose = [Py
A1C1 T ApC12 + A3C123]

A1S1 t+ A3S12 T A35123
9, + 9, + 95
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Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

i)

1. Pw, =Px —A3Cp = a1¢1 + azCq;

2. Pw, =Py — a3S¢ = Q151 T 3512

3. From1.and 2, pw,* +pw,” =ai + a3 +
2a,¢10a,(c1C; — $1S,) + 2a,81a,(s1¢, + ¢15,) = a? +
as + 2a,a,c,

A1C; + AzC1p T A3C123
a1S; + A3S1, T A3S123
Y+ 0, +9;

2, 2
PWx2+PWy2—a1 +a;j

2a1a2

We have ¢, =

We have s, = +4/1 — ¢2 and 9, = Atan2 (s, ¢;)
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Numerical Solution of Inverse Kinematic

Newton-Raphson Method:

ra= 1(02) = F0°) + 52| (02— 0°)+ hot.
0 S~
A0

N——
J(69)

?
AG = J71(6°) (24 —if(e())) .

This term include rotation and translation--
spatial transformation SE(3)
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Numerical Solution of Inverse Kinematic

Newton-Raphson Method:

LTd = f(gd) f(@()) + ag (9d - 90) + h.o.t.,
0 S~
A6

N——
J(69)

Solving J=1 using Denavit-Hartenberg
Convention is overly complex...

A0 =|J1(6°)|(z4 _¢f(90)) .

This term include rotation and translation--
spatial transformation SE(3)
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What are Representations of Spatial
Transformations?

« Desired properties:
» Representing the forward kinematics of an open chain system as a
product of transformations
» Systemic derivation of the Jacobian that connects spatial
transformations to joint angles
» Unified representations of different types of robot joints
» No need for solving inverse Jacobian matrix

35



We Can Associate One Representation of Spatial
Transformation with Joint Angles in Linear Forms

« The twist coordinate (exponential of a twist is a rigid transformation matrix):
§S =§,0, + Adeflelfzéz + Ad65191832925393 + -

——

Je, () J¢,(6) Je,(6)
_8-1_

:[151 ]fz 153 o] 0.2 :]EQ
03
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Solve Inverse Kinematic without Calculating
the Inverse Jacobian Matrix

Newton-Raphson Method:

AG = J71(6°) (zq — f(6°)) .

AG = ]El(EA),where &8 = lOg(Tc_u%ﬂrent(H)Ttarget)



What is Twist?



Rotational Motion in R3

Rotation matrix: Ry = [Xqp» Yabr Zap] q
Properties of rotation matrices:

» Orthonormality: RR' =R'R =1

» detR = +1 %z [ Bab

Xab =--....

Z Yab
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Rotational Motion in R3

Rotation matrix: Ry = [Xqp» Yabr Zap]
Properties of rotation matrices:

» Orthonormality: RR' =R'R =1
» detR =+1

detR = T'lT(T'Z X T'B) = 7’1TT'1 =1

Rotation matrices R™*™ form a special

group:
SO(n) = {R™":RR" =1,detR = +1}
Composability:R; = R3R?

40

Xab =--....

B
I Yab

How to connect rotation matrices
with robot joint angles?



Exponential Coordinates for Rotation

« A more geometrical description of “a
rotation”
» an axis of rotation w that specifies
the direction of rotation
» the angle of rotation 6

« Can we derive the rotation matrix
from w and 6 ?

JANANAVANAN
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Exponential Coordinates for Rotation

« Prerequisite: cross products can be
represented as matrix multiplications

« If we rotate the body at constant
velocity about the axis w, the velocity
of the point:

q(0) = w x q(0) = wq(6)
= q(6) = e®?q(0)

JANANAVANAN

42



Exponential Coordinates for Rotation

« Properties of skew matrix a .
» The set of 3 x 3 real skew-symmetric matrices composes so(3)

> axXb=ab
> a' = —a
« We can rewrite e®?:
RE 93
w9_ _ _ 3
I+9w+2'w +3' +
g3 09° g2 g4
wo _ a2 _ ... \Aa _ e | 2
> e —I+(0 3'+5' )w+<2! 4!+ )w

= e =] +sinf @+ (1 — cos B) >

43



Exponential Coordinates for Rotation

+  Given w and 6, the exponential e®? € SO(3)
> [eae]—l _ @0 _ 00 _ [eae]T

> dete®? = +1 (based on the continuity of exponential map and the
fact that dete® = 1)

« Given a rotation matrix R, there exists w € R3 and 6, such that R = ¢®?

2

wiVg + Cg W1W Ve — W3Se W1W3Ve + W2Sp "1 T2 T3

e®? = W1W,Vg + W3Sg w3V + cg WoW3Vg — W1Sg R=|T21 T22 723
2 . T3y T3 T

W1W3Vg — W2Sg WrW3Vg T W1Sg w3Vg + Cg all we need is to 31 732 733

find the solution
cg =C0sB,sg =sinf,vg =1—cosb
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Quick summary

e Exponentials provide a more geometrical
description of “a rotation”:
» an axis of rotation w that specifies the
direction of rotation
» the angle of rotation 6
> e®9 €50(3)
» Given arotation matrix R, there exists w €
R3 and 6, such that R = e®?
« We can easily represent the revolute joint with
such representations

JANANAVANAN
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Rigid Motion in R3

Rotation matrix: R® = [X4p, Yapr Zap]
Translation: pg

Rigid transformation from frame b to a:

95(q) = q4 = vy + Ry qp

or in homogeneous representations

[T1=1% w7

46
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Rigid Motion in R3

Rigid transformation from frame b to a:
[CIa] _ [R,‘,‘ Dy [CIb]
1 0 11L1

Rigid transformations form a special group:
SE(n) ={(p,R):p € R",R € SO(n)}

Composability: g3 = g5 g%
The inverse of g € SE(3) still belongs to

SE(3):
-1 _ RT —RTp]
g [0 1

47

dp

95(q)

How to connect rigid transformations
with robot configurations?



More Geometrical Representations for Rigid
Transformation

‘o ¢ Purerotation
| p(6) = w x (p(6) — q)

[o1=15 ~ L]

=P =¢&p = p6) = ef9p(0)

48



Exponential Coordinates for Rigid Transformation

‘@ ¢ Purerotation \ _,-,-’;(t) « Pure translation
. @O =0xe® -9 p(6) = v
S L o
_ , -
b=l % Il ol=1o olli
=P =&p = p(9) = e*?p(0) =P =&p = p(6) = e:p(0)

49



The & Matrix and the Twist

& matrices form a special group

se(3) = { (8 8 -vER3® E 50(3)}

+ We define & :== (v, ®) as the twist coordinates of &

. Given & € se(3) and 6 € R, the exponential e$ € SE(3)

We'll prove later!
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The Screw Representation of Rigid Motion

We can interpret a twist as a screw axis

S and an angular velocity 8

A screw axis § =1{q, s, h}, where

» @ is any point on the axis

» §is aunitvector in the direction of
the axis h = pitch =

> histhe “screw pitch”, denoting the linear speed/angular speed
ratio of the linear velocity to the
angular velocity 8

h = 0, the screw motion denotes pure rotation (e.g. revolute joint)
h — oo, the screw motion denotes pure translation (e.g. prismatic joint)

51



The Screw Representation of Rigid Motion

> With § = {q,5, h} and 6, we define a twist: A s

o X ‘ hs6 /
- 0
-3 ' 7
£=[5]= [—s@Xq+h50] 595\ |/ g /
% y
h = pitch =
linear speed/angular speed

52



The Screw Representation of Rigid Motion

> With § ={q,5,h} and 6, we define a twist:

£ =[] = —56 ng + h§é]

& For any twist € where w # 0, there exists
an equivalent screw axis § = {q, §, h} and

velocity 8:

5§ =ow/|lwll
0 = |lwll
h==a&"v/0

q is chosen accordingly

53

h = pitch =
linear speed/angular speed



What Do We Need to Show?

. Given & € se(3) and 6 € R, the exponential e$? € SE(3)

- With § ={q,5,h} and 8, we have a twist; £ = [ ] [—39 9 5+ th]
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)
fw = 0:

SR HAETETE
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

fw=0:
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

e |fw=+#0:

First, we assume ||&@|] = 1 and we can scale 8 appropriately

DLY

Next, we define a rigid transformation g = [(I) 1

57



Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

e |fw=+#0:

First, we assume ||&@|] = 1 and we can scale 8 appropriately

Next, we define a rigid transformation g = [O WV
et & = g 18y = —wv] ] e
— ] [0 o a)a)16+ v]

58



Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

e |fw=+#0:

First, we assume ||&@|] = 1 and we can scale 8 appropriately

Next, we define a rigid transformation g = [0 Wy

et Sg, _ g_lég _ (I) —wv] ] [I wv]

cg 1(;] [0 [w WOV + v]
D)

0

WwW v—vg)}ﬂa)+/v/] [a) wa)v
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

e |fw=+#0:

First, we assume ||&@|] = 1 and we can scale 8 appropriately

Next, we define a rigid transformation g = [O Wy

et Sg, _ g_lég _ (I) —wv] ] [I wv]

cg 1(;] [0 [w a)wv+v] X
D)

0

WwW v—vq)}ﬂw +/v/] [a) ww v‘
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

e |fw=+#0:

First, we assume ||&@|] = 1 and we can scale 8 appropriately

Next, we define a rigid transformation g = [O wv]
Let ?’ = g_lég = ! —wv] ] [1 wv] What's next? We are going
.0 2 £ g1
. to derive e$? from e9¢'99
_|w ] [ [w WV + v]
L0 0110 h
_|® ww'v- v(yﬂw +/1f] [&3 w‘aﬂv‘
0 0
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

» Before continuing the proof, we first show that for any invertible matrix
g € R™™ and a matrix A € R™", we have e949™" = gehg=1

A: N
o0 A_ - _ ve
-e—I+A+2!+3!+

_ Ao Lahag™? Aa—taha—taAa=1
-'-egA91=I+gAg‘1+ggz‘?g + 27 géqu 949 ..

A2g~? A3g1
=I+gAg‘1+g 2‘? +g 3"9 1.
=gg 1+gAg 1-|— o + 3] _I_,,_:geAg

-1
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

1

.« We have 80 = 98097 = 58’0 g1
«  What's ef'6?
First, we know &w =w X w =0

~~ A Y ~2 ~ ~2
second veloow & = [ TG 71=[§ %] =[T 1]

a3 @ 0
'3 o ol

2

. . 0%_, 63 _ 062 | 963 | .
es‘9=1+9€’+—€’2+—€’3+---=[’+—!+T+ who + 0 + ]
0 1
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

+  We have %0 = 98097 = ge¢'0 g1
+  What's e$¢?

859:[1+@2—+‘7’3—+--- a)h6+0+---]:’e‘39 whé
0 1 0
Let's put everything together
080 — [eae (I —e®)ov + waﬁz@]
0 1
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Proof: Given & € se(3) and 6 € R, the exponential e$¢ € SE(3)

+  We have %0 = 98097 = ge¢'0 g1
+  What's e$¢?

oE6 — [1+‘72)—+‘7’3—+--- wh6 + 0 + - ] _ ’e‘w wh0
0 1 0

Let's put everything together

829;1;‘39 (I —e®)ov + waﬁz@]
0 1

S50(3)
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What Do We Need to Show?

. Given & € se(3) and 6 € R, the exponential e$? € SE(3)

- With § ={q,5,h} and 8, we have a twist; £ = [ ] [—39 9 5+ th]

66



Proof: With § = {q, 5, h} and 6, we have a twist: & = [ ] [—58 y qg+ hse]

e Let's write down the rigid motion
from point p to g(p) = p"":
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Proof: With § = {q, 5, h} and 6, we have a twist: & = [ ] [—59 y q@+ hse]

e Let's write down the rigid motion
from point p to g(p) = p"":

p'=q+e“’(p—-q
p" =p'+ whb

g(p) = q+e®?(p — q) + who q+e’(p—q)
N g[ﬂ _ [e‘(‘;e (I —e®%)q + wh@] [ﬂ J—

1

68



Proof: With § = {q, 5, h} and 8, we have a twist: § = [(1‘7)] = [_59 xs_qg+ hs‘é]

e Let's write down the rigid motion « We know:
from point p to g(p) = p"":
80 — [e@‘g (I - 6@9)&312 + ww“u@]
, . 0 1
p'=q+e”"(p—q) !
p" =p' + whb
g(p) = q +e“°(p — q) + who

S P e

Fquivalentif v = —w X q + wh

69



Example: Revolute Joint

0
The joint only rotates (h = 0) at g = [11]
0

i A\_‘
U
\ .
" %
P “
! “
| “
| N
| I
1 1

; &
Rotation axis: w = |0 s Y
1

(]

Ly
Wehavev=—w><q+wh=[0]
0

We have twist & = [(;})]
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Example: Revolute Joint

« The exponential:

80 — [eae (I — eae)@v + ww' vl /’; \;_
0 1 | Y

U
5 Ay
\ b S ks
P “ p \
i “ A il
I oy
[ e
I I
1 1

¥

cos® —sing O lysin®
sinf cos 0 [;(1—cosB)
1
0

0 0 0 ~—

(]

0 0 1. lh

71



Previously, We Discussed Inverse Kinematic

« Connecting a twist and joint angles in linear forms:

Es = S1 b1+ Ad,isuier (S2) 02 + Adyisiios issies (S3) 65 + - -
J a1 Too e

|
1
o~
—
o~
Do
~~
D
~—
~
S
~~
D
~—

$s

|
o~
~~

Nt
~—

.
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

- Rotational velocity: we know q,(t) = Rjq,(t)

dqe(t) dRS d g, D) w0
CIa b q
= R¢
dt dt qp(t) + Ry dt
E Z Zab

Xab =-..__
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Assoclation O

"Velocities of a Rigid Body at

Differe

Nt Coordinate Frames

- Rotational velocity: we know q,(t) = Rjq,(t)

qp(t)
dqa(t) .
;t = Rpqp(t)
d a(t) . : -1 Z Zuh
1. e = Rgqy(0) = RERS T REq,(0)
. -1 4
= RpRp qa(t)
Xab <.
3, : instantaneous angular velocity of ’ T =y
the object seen from Spatial (A) frame
R
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

- Rotational velocity: we know q,(t) = Rjq,(t) O
dq;f D kg
1. 2980 = RARET,(6) = @5, qa(D) /5
2. dq;t(t) = Riq,(t) = RERY R qy (1) Xop < |

@, ,: instantaneous angular velocity of the
object seen from instantaneous body
frame coincided with B frame at time t
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

- Rotational velocity: we know q,(t) = Rjq,(t) ”
dp
dg,(t) . )
;t = Rpqp(t) )
dqgq(t . — ~ Z Zab
14090 RERET 4y (0) = B3 4a(0
d a(t) —1rF
2, th = RERE™"REqy(t) = REDL,q, (1) X < /
« We can associate angular velocity observed at R
the spatial and body frame: )
h Yab

~ 1~
wbb — Ra SbRb
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

rigid motion: gy = [ROS pll‘}
Q)] _ a[q®] & 5 (1) = qa5
we kﬂOW[ 1 ]—gb[ ”1 ]:qa(t)—gbCIb(t)

we obtain twist observed at the spatial frame:

dg.,(t) . _
C}zt = gp qp(t)
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a
rigid motion: gy = [Rob plb

we know 1419 = ga [ O] 5 4, (&) = gga,(0)

we obtain twist observed at the spatial frame:
dg.(t) .. ¢ a-1 a~ @ a-1x
= grap(t) = dign 98 (®) = dign Ga(®)

dt Nl

¢5,: instantaneous twist of the object
seen from spatial (A) frame at time t
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a’l
rigid motion: gy = [Rob plb

The twist observed at the spatial frame;

1
£, = g'ggb [RaRa —RER} Pb +Pb]

79



Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a’l
rigid motion: gy = [Rob plb

The twist observed at the spatial frame;
-1

Esp = 39898 T RyRy™ |-RERy 'pp + P?H
0 0

A v, Not the velocity of the body frame, but the
instantaneous velocity of the point on an
infinitely large body currently at the origin of
the spatial (A) frame
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a
rigid motion: gy = [Rob P

The twist observed at the body frame:

RET'RE R 11913‘]

fab—gb gb_[ 0
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a
rigid motion: gy = [Rob plb

The twist observed at the body frame:

[[pba—1pa a—1_.al]
eb _ ga~lea — Ry Ry [Rp P
Sab = 9b 1919 { 0 0 J l
>, v2, . the instantaneous velocity at the body

frame
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

ne twist observed at the body frame: égb

he twist observed at the spatial frame: €2,

he association of twist between these two frames: &35, = g2&P, g2~ !
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

ne twist observed at the body frame: égb

Ne twist observed at the spatial frame: ég;b

he association of twist between these two frames: &35, = g2&P, g2~ !

=>[ chzb _ [Rg ” op Vop|[RET ! —Rg_lpg]
0 0 1
=>[ gb ab] [waabRa ! _Rb&)\abRb Pb +vaab]
1
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

« We have:

~S _ pa~b pa—1
Wap = Ry Ry

s a~b pa=1_a a..b
Vap = —RpWgp Ry "pp + Ryvg,
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

* First, we know given any u € R3 and R € SO(3), the following always holds:

R1R™! = Ru
Proof. Letting r/ denotes the i-th row of R
r(uxr) ruxr) ruxr)
RiR'=|r(uxr) nrnuxr) rnluxr)
rsuxry) r(uxr) r3(uxr))

0 —nu nu
=| r3u 0 —ru|l=Ru
U nu 0 .
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

e As aresult:

~S _ pa~b pa—1 ~S _ pa..a s _ pa,.a
Wap = RpWgpRy — = Wy = Rywyg, = wap = Rpwg)
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

e As aresult:

~S _ pa~b pa—1 ~S _ pa..a s _ pa,.a
Wap = RpWgpRy — = Wy = Rywyg, = wap = Rpwg)

e Also:

s a~b pa—1l_a a.b _ ~S ..a a..b
Vap = —RpWgp Ry Py + Ryvgp = —Wapbp + Rpvgy

88



Association of Velocities of a Rigid Body at
Different Coordinate Frames

e As aresult:

~S _ pa~b pa—1 ~S _ pa..a s _ pa,.a
Wap = RpWgpRy — = Wy = Rywyg, = wap = Rpwg)

e Also:

s a~b pa—1l_a a.b _ ~S ..a a..b
Vap = —RpWgp Ry Py + Ryvgp = —Wapbp + Rpvgy

— AS a a..b _ as a,.a a..b
= Pap@Wp T RyVap = DapRpwap + Ry Vg
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

« We have:

S _ a a
Wap = Rpwgy

S __ .AS a,.a a..b
Vap = DapRpWap + RyVgy

e Rewrite in @ matrix form:

(U(Slb] zl Ry, 0] ‘Ugb]
Vap|  [PavRp Rp||v2,

Ad,: adjoint transformation for gg,
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For any g € SE(3) and € € se(3), gég~?! € se(3) is
a twist with twist coordinate Ad,¢
e Wehave é = ? g] € se(3) with the twist coordinate & = [C;))]

« We have:

st =[o A5 dl's 7



For any g € SE(3) and € € se(3), gég~?! € se(3) is
a twist with twist coordinate Ad,¢

« We have:

s —1

R w vlI[R7! —-R7?
959" =1y ?”0 0” 0 1 p]
_[R® Rv ’R‘l —R‘lp]
L0 0 0 1
ROGR™1 —R&R™1p + Rv]
0 0




For any g € SE(3) and € € se(3), gég~?! € se(3) is
a twist with twist coordinate Ad,¢

« We have:

s —1

R w vlI[R7T —-R71
959 =1, 2i”o 0” 0 1 p]
_[R@ Rv ’R‘l —R‘lp]
L0 0 0 1
_[R@R™* —R&OR p + Rv]
L0 0
= an) _@%_I_ Rv] € se(3)




For any g € SE(3) and € € se(3), gég~?! € se(3) is
a twist with twist coordinate Ad,¢

e Wehave é = ? g] € se(3) with the twist coordinate & = [C;))]

« We have: gég™! = Rw  —Rwp + Rv] € se(3)

0
e The twist coordinate:

RwP+RVI [pr+RVI [pR R [w] Adg¢
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Previously, We Discussed Inverse Kinematic

« Connecting a twist and joint angles in linear forms:

Es = S1 b1+ Ad,isuier (S2) 02 + Adyisiios issies (S3) 65 + - -
J a1 Too e

|
1
o~
—
o~
Do
~~
D
~—
~
S
~~
D
~—

$s

|
o~
~~

Nt
~—

.
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Product of Exponential for an N-Link Open Chain

gn
« Spatial transformation of the ﬁ%

open chain: M %—"

T(04,0,,..,0,) = 610108202 pénbny

elSn-110n1[Sn]0np 1

NS
N\
\3
NS
NS
AN
=
W
»
>

6[8n72]9n728[5n—1]9n,1B[Sn}gﬂ M
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Product of Exponential for an N-Link Open Chain

Spatial transformation of the open
chain:

T(0,,0,,..,0,) = 610108202 pénbny

The twist of the spatial transformation : &
(check page 78):

é\S — TT—l

e [Sn—l ] Bn—le [Sn ] gnM

N
N
\Y
>
N
>
N g
)
N
»

6[871—2]071,—26[871,—1]911—1 e{Sn]Qn M
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Product of Exponential for an N-Link Open Chain

« The inverse of the spatial transformation:

T-1 = M—le—gnen ___3—32923—3191

e The derivative of the transformation:

£101\ . ) £,6 .

— 51918316182262 ___egnenM -+ 63191529’28?292 egnenM + ...
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Product of Exponential for an N-Link Open Chain

« The inverse of the spatial transformation:

T-1 = M—le—gnen ___3—32923—3191

e The derivative of the transformation:

. 3 o A degzez -
T = 66292 ___efnenM + 65191 __.efnenM 4+ ...
dt dt

— 51918316182262 ___egnenM -+ 63191529’26?292 egnenM + ...
« The twist of the spatial transformation (check page 78):
éS — TT_l — é\lél -|— 8319152926_3191 _|_ 6219162—26253936_32928_2—191 + s
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Product of Exponential for an N-Link Open Chain

« The twist of the spatial transformation:
ES =TT 1=£,0, + 35191€2é28—§191 4 321913329253936—9%2926—3191 4.

— é\lél _|_ 63191528_316192 _|_ 6319183292536_32926_31919.3 _|_ cee
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Product of Exponential for an N-Link Open Chain

« The twist of the spatial transformation:
ES =TT 1=£,0, + 35191523'23—8%191 4 331913329253936—9%2928—3191 4.

— é\lél _|_ 63191528_316192 _|_ 6319182292536_32926_31919.3 _|_ cee

e The twist coordinate:
§S =§,0, + Ade’élelfzéz + Ade€1016?292$393 + -

-

Je, (6) Je, (6) Je, (6)
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Product of Exponential for an N-Link Open Chain

e The twist coordinate:

S =g, (0)0; +]6,(0)0, + ], (6)65 + -
6.

:[]'51 ]Ez 153 ] .
03
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INnverse Kinematic

Newton-Raphson Method:

AG = J71(6°) (zq — f(6°)) .

AG = ]El(EA),where &8 = lOg(Tc_u%ﬂrent(H)Ttarget)
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How to Build a Robot in the Simulator?

* Stereo over-the-shoulder camera

* Monocular eye-in-hand camera

* Franka Panda 7 DoF arm

B A P
~ P o

. * Task workspace
U 4
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Represent a Robot as a Tree

base link, J4
LO

¢ parent: J1’s parent link, LO
child: J1’s child link, L1
origin: the z—y—2z and roll-pitch-yaw coords
of the L1 frame relative to the
LO frame when J1 is zero
\ axis: the z—y-z unit vector along the
rotation axis in the L1 frame

( mass: L5’s mass
\ origin: the z—y—z and roll-pitch-yaw coords

< of a frame at the center of

mass of L5, relative to the L5 frame
inertia: six unique entries of inertia
\ matrix in the origin frame
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The Robot's URDF File < rmepmen ssniars

<visual>
<geometry>
<mesh
filename="franka description/meshes/visual/linkl.glb"/>
<?xml version="1.0" 2> </geometry>
<robot name="panda"> </visual>
<material name="aluminum"> <collision>
<color rgba="0.5 0.5 0.5 1"/> <geometry>
</material> <mesh
<link name="panda 1linkO0"> filename="franka description/meshes/collision/linkl.stl"/>
<visual> </geometry>
< try> : : : : </collision>
geore ¥ The mesh of the link for visualization S
filename="franka description/meshes/visual/link0.glb"/> <origin rpy="0 0 0" xyz="0.003875 0.002081 -0.04762"/>
</geometry> <mass value="4.970684"/>
</visual> <inertia ixx="0.70337" ixy="-0.000139" ixz="0.006772"
<collision> iyy="0.70661" iyz="0.019169" izz="0.009117"/>
<geometry> , D . </inertial>
«mesh  1he mesh of the link for collision checking  </1ink>
filename="franka description/meshes/collision/1inkO.stl"/> <joint name="panda_ jointl" type="revolute">
</geometry> <safety controller k position="100.0" k velocity="40.0"
</collision> soft lower 1imit="-2.8973" soft upper 1limit="2.8973"/>
<inertial> <origin rpy="0 0 0" xyz="0 0 0.333"/>
<origin rpy="0 0 0" xyz="-0.041018 -0.00014 0.049974"/> <parent link="panda 1ink0"/>
<mass value="0.629769"/> <child link="panda_ linkl"/>
<inertia ixx="0.00315" ixy="8.2904e-07" ixz="0.00015" <axis xyz="0 0 1"/>
iyy="0.00388" 1iyz="8.2299%-06" 1zz="0.004285"/> <limit effort="87" lower="-2.8973" upper="2.8973"
</inertial> velocity="2.1750"/>
</1link> Ph\/S|Ca| DrODer‘tles Ofthe ||nk <d§l/narbnlcg D="1" IKI"7OOOX6d?I§png="O.003" friction="0.0
7 ' ' mu coulomb="0" mu viscous="16"
</joint>
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