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How to Build a
Robot ?

Robotics is a System



Anatomy of Rigid Multi-Link Robots

® Joint
Link




Anatomy of Rigid Multi-Link Robots

1st axis Waist

e i

Video source: https://youtu.be/Gu74rGY426g7si=aW7YjdkZeBNgFpNZ 8



Different Types of Robot Joints
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% Revolute
: (R)

Video source: Cobra SCARA robot.



Different Types of Robot Joints
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Different Types of Robot Joints

Helical
(H)

Video source: https://github.com/mlayek21/Stewart-Platform
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Different Types of Robot Joints

/&—5
1 Cyllndrlcal

Video source: https://youtu.be/cROIMJAGIHDs?si=2MfOMTnSisSsIuN3
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Different Types of Robot Joints

Universal
B
X

Video source: https://grabcad.com/library/97432
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Different Types of Robot Joints

Spherical
(S)

Start—
Stand stall

Video source: https://youtu.be/bl06lujiD7E?si=GvyZadhSyTALPAAV
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Robotics is a System

How to Build a
Robot ?

How to Drive a
Robot ?
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Motors Drive Robot Joints
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Modern Robotics. K M. Lynch and F. C. Park. 16
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Robotics is a System

How to Build a
Robot ?

How to Command
a Robot ?

How to Drive a
Robot ?
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Modern Robotics. K M. Lynch and F. C. Park.
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Joint-Space Control

q3,ref

qZ,ref

q 1,ref

Inputs: g

Modern Robotics. K M. Lynch and F. C.

Park.
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Task-Space Control

Inputs: T ;
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q;

Outputs: g
T, = getTransform(robot, q)



Robotics is a System

How to Build a
Robot ?

How to Command
a Robot ?

How to Drive a How to Automate
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This is Where Robot Learning Steps In

Training Inference

Large Behavior
Models

—> Robot actions

e
g
Figure source: htt ps://human-as-robot.gith ub.io/ —

T | ' "s
@ Pour water into the cup A }i‘j_.

-
H o

Ix real time autonomous execution
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Robotics is a System

How to Build a
Robot ?

How to Command
a Robot ?

How to Work with
Robots ?

How to Drive a
Robot ?
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How to Automate
a Robot ?




Compliance is Needeo

GentleHumanoid: Learning Upper-body Compliance for Contact-rich Human
and Object Interaction. Lu et al. 24



Safety Guarantee is Needed

B Nominal (Train)
B Nominal (Test)
I PNCBF Filter

(Offline: Learn Neural CBF Online: Safety Filter )

avoid set A avoid set A

How to Train Your Neural Control Barrier Function: Learning Safety Filters for
Complex Input-Constrained Systems. So et al. 25 Drone Fencing with Control Barrier Functions. Morton et al.



Let’s Start with Building a Robot

How to Build a
Robot ?




Different Types of Robot Joints

We will only discuss these two types of robot joints

—
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Revolute

(R)
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—7‘S Prismatic

(P)

Helical
(H)
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Cylindrical
(C)

Universal

(U)

Spherical

(S)




Where is the Robot?

/dea: Specify the end-effector pose (location p? and rotation R?)

28



Where is the Robot?

However, these two configurations end up in the same end-effector pose
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Configuration Space vs. Task (Operational) Space

Configuration: a complete specification of
the position of every point of the robot (e.g.
angle of a revolute joint or displacement of
a prismatic joint).

Configuration space (C-space): the n-
dimensional space containing all possible
configurations of the robot.

Task space: the space in which the robot's
task is naturally expressed.
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Task (Operational) Space vs. Work space

Task space: the space in which the robot’s
task is naturally expressed.

Work space: the space in which the robot’s
end-effector can reach.

Workspace

O
W,

(a) A workspace, and lefty and righty (b) Geometric solution.
configurations.
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Degree of Freedom

Degree of Freedom (DoF): The minimum
1 number n of real-valued coordinates
) needed to represent the configuration.
: 1 DoF < 2 DOF &2
oF > OF &
% Revolute 1 Cylindrical
; (R) (C)
1 DoF i
l %ﬂ Prismatic 2 DoF <2
(P) Universal
1 DoF @i’ v)
. H?l}llc)al 3 DO@ Spherical
X

(3)
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Degree of Freedom

Degree of Freedom: sum of freedoms of the bodies - #. of independent constraints
or
#. of variables - #. of independent equations

.

Fd

A

r

'S y
, P

.

L 2

<% ' O =
—

7 d
#. of variables = 2 (coordinates) * 3 (points) #. of variables = 6 (X,Y, Z, pitch, roll, yaw) #. of variables =6 (X,Y, Z, pitch, roll, yaw)
#. of independent equations = 3 (d4¢, dap, dgc) #. of independent equations = 5 #. of independent equations =5
DoF=3(x,y,0) DoF =1 (0) DoF =1 (d)
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A robot is kinematically redundant if it has more DoF than the dimension
of the task space, which provides more solutions to reach a pose.

Gribler’s formula for the number of degrees of freedom of the robot is

#. links
A J
dof = m(N|—-1) - E C;
rigid bod}rfreedoms %:1,_/

joint constraints

Franka Emika Panda Robot URS5E Robot




What is the Pose of a Robot's End Effector
given Its Configuration?




Forward Kinematics: Calculate the Pose of 3
Robot End-Effector given the Configuration

36

« We can calculate by Euclidean
geometry, but is there any more
general formulation?

* Let ¢, denote cos9, and s;
denote sin 9,

0 s12  ci2 aicy + azci2 |

b, v~ |0 —ci2 812 ai181 + a2812
Te(q) T 1 0 0 0
0 0 0 1




Forward Kinematics: Calculate the Pose of 3
Robot End-Effector given the Configuration

« We can consider each joint applies coordinate transformation

37



Rigid-Body Transtormation
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pO

|
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Forward Kinematics: Calculate the Pose of 3
Robot End-Effector given the Configuration

« We can consider each joint applies coordinate transformation

Coordinate transformation from the
end-effector frame to Frame n

Coordinate transformation from
Frame O to the robot base frame

Frame O

39



How to Determine Frames Attached to the Two Links?

JOINT 1—1 JOINT 1 JOINT i+1
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Decide Frames with Denavit-Hartenberg Convention

JOINT 2—-1 JOINT 1 JOINT 1+1

1. Choose axis z; along the axis of
Jointi+ 1
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Decide Frames with Denavit-Hartenberg Convention

JOINT 2—-1 JOINT 1 JOINT 1+1

1. Choose axis z; along the axis of
Jointi+1

2. Choose axis x; along the
direction of the common
normal (vector of minimum
distance between axis z; and

Zi_1)
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Decide Frames with Denavit-Hartenberg Convention

JOINT 2—-1 JOINT 1 JOINT 1+1

1. Choose axis z; along the axis of
Jointi+1

2. Choose axis x; along the
direction of the common
normal (vector of minimum
distance between axis z; and
Zi—1)

3. AXis y; is decided by right-hand
rule

43



What are the Spatial Transtormations under
Denavit-Hartenberg Convention?

JOINT 4—1 JOINT 1 JOINT i+1
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What are the Spatial Transtormations under
Denavit-Hartenberg Convention?

JOINT i—1 JOINT 1 JOINT 1i+1

S O O
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What are the Spatial Transtormations under
Denavit-Hartenberg Convention?

JOINT i—1 JOINT 1 JOINT 1i+1

O O O

o OO R
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What are the Spatial Transtormations under
Denavit-Hartenberg Convention?

JOINT 4—1 JOINT 1 JOINT i+1

C19i _5191 0

_ %% Co: O
1 0 0 1
0 O 0

47
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What are the Spatial Transtormations under
Denavit-Hartenberg Convention?

i—1 _ i—1pi’

AL =R, o T T} Ry g,
'Cﬁi _Sﬁicai SgiSal. aiC,gl.'
S'9i Cﬁicai _Cﬁisai aiS,gl.

0 Sg, Cq; d;
0O O 0 1
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Forward Kinematics: Calculate the Pose of 3
Robot End-Effector given the Configuration

« We known:

Transformation from
jointitoframei—1

é———14§—1 —

Transformation from joint |

n to the robot base

—Cﬁi

Sﬁi

—59;Cay
Cﬁicai
Sa;
0

Transformation from the end-
<~ Ad(q)

effector to the robot base

0A1(q1) -

Sﬁisai
—09;5a,

aicﬁ{
aisﬁi

Cai Ch
0 1

> Configuration of joint n

A1 (qn)

Ae

B Transformation from the

p? = A8A%(q,) ... A" (q,) ATp®

end-effector to joint n

« Since the end-effector pose at the end-effector frame is constant, we can re-
write the end-effector pose at the robot base frame as a function of q: f(q)
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Inverse Kinematics: Calculate the Robot
Configuration given a Pose of the End-Effector

Forward kinematic:
end—effector pose = f(q)
Inverse kinematic:

q = f~!(end—effector pose)

50



Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

Link a o d; ¥
1 al 0 0 ’191
2 as 0 0 ’L92
3 as 0 0 03
c; —S; 0 a;c
- . .0 Q. .
A(9;) = %’L % X "”69% i=1,2,3.
L 0 0 0 1
cos(¥ + 9, +U3)
T~
Tc123 —S123 0 aici + ascie +ageios |
0 0 41 42 8123 ¢c123 0 a18; + ags12 + a3zsia3
T3(Q) — A1A2A3 — 0 0 1 0
L 0 0 0 1 |
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Analytical So
EXam

ution of

0le of 3-li

T5(q)

52

nverse Kinematic: An
nk Planar Arm

= AVALA: =

[ C123 —S123

5123 C123
0 0
L 0 0
-0 0 1
0 1 0
—1 0 O
L0 0 O

end—effector pose = TJT3

0 ajc1 4+ azci2 +ascias’

0 a181 + a2812 + A38123
1 0

0 1

0"

0

0

1.

Origin of the
— end-effector
frame

===




Analytical So
EXam

ution of

0le of 3-li

T5(q)

= AVALA: =

nverse Kinematic: An

T, =

e

nk Planar Arm

"c123 —S123 0 aic1 + agci2 +ascies ]

S123 ¢C123 0 @181 + a2812 + assias

end

53

A1C1 T ApC1p T A3C123]

0 0 1 0
L0 0 0 1
-0 0 1 07

0 1 0 0

-1 0 0 0
L0 0 0 14 o

Px

—effector pose = | Py

A1S1 T AS12 + A35123
9, + 9, + 0,




Analytical Solution of Inverse Kinematic: An
Example of 3-link Planar Arm

-

1. Pw, = Dx — a3Cp = a1¢1 + aycq,
Pwy, = Py — A3S¢p = Q151 T Q2512
3. From1.and 2, pw,” +pw,”* = az + a5 + 2a,c,a,(cicy
+ 2a4a,c¢,

A1Cy + AC1p + A3C123
a1S1 + AS1 + A3S1323
9, + 0, + 0,

2 2_ 2, 2
Pwy tPw, " —ai+a;

2a1a2

We have ¢, =

We have s, = +4/1 — ¢ and 9, = Atan2 (s, ¢3)
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Numerical Solution of Inverse Kinematic

Newton-Raphson Method:

8f (9(1 — 90) + h.o.t.,

zq = f(0q) = f(6°) + = 90 |,
Af

——
J(69)
?
A9 = J71(0°)|(zq — £(0))-
v

This term include rotation and translation--
spatial transformation SE(3)
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Numerical Inverse Kinematic

Newton-Raphson Method:

AG = J71(6°) (zq — f(6°)) .

AO = ]El(gA)» where EA — log(Tc;L%‘rent(H)TtaTget)

Check the Appendix for more the detailed derivation
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Demo Time



How to Build a Robot in the Simulator?

* Stereo over-the-shoulder camera

* Monocular eye-in-hand camera
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Represent a Robot as a Tree

base link, J4
LO

( parent: J1’s parent link, LO
child: J1’s child link, L1
origin: the z—y-z and roll-pitch—yaw coords
of the L1 frame relative to the
LO frame when J1 is zero
\ axis:  the z—y—2 unit vector along the
rotation axis in the L1 frame

[ mass: L5’s mass
\ origin: the z—y-2 and roll-pitch—yaw coords
< of a frame at the center of

mass of L5, relative to the L5 frame
inertia: six unique entries of inertia
\ matrix in the origin frame

59



The Robot's URDF File

<?xml version="1.0" ?>
<robot name="panda">
<material name="aluminum">
<color rgba="0.5 0.5 0.5 1"/>
</material>
<link name="panda_ 1link0">
<visual>
sgeome-ry*  The mesh of the link for visualization
filename="franka description/meshes/visual/link0.glb"/>
</geometry>
</visual>
<collision>
<geometry>
<mesh

The mesh of the link for collision checking

filename="franka description/meshes/collision/link0.stl"/>
</geometry>
</collision>
<inertial>
<origin rpy="0 0 0" xyz="-0.041018
<mass value="0.629769"/>
<inertia ixx="0.00315" ixy="8.2904e-07" ixz="0.00015"
iyy="0.00388" iyz="8.2299e-06" izz="0.004285"/>
</inertial>
</link>

-0.00014 0.049974"/>

Physical properties of the link

<link name="panda link1l">
<visual>
<geometry>
<mesh
filename="franka description/meshes/visual/linkl.glb"/>
</geometry>
</visual>
<collision>
<geometry>
<mesh
filename="franka description/meshes/collision/linkl.stl"/>
</geometry>
</collision>
<inertial>
<origin rpy="0 0 0" xyz="0.003875 0.002081 -0.04762"/>
<mass value="4.970684"/>
<inertia ixx="0.70337" ixy="-0.000139" ixz="0.006772"
iyy="0.70661" iyz="0.019169" izz="0.009117"/>
</inertial>
</link>
<joint name="panda jointl" type="revolute">
<safety controller k position="100.0" k velocity="40.0"
soft lower 1imit="-2.8973" soft upper limit="2.8973"/>
<origin rpy="0 0 0" xyz="0 0 0.333"/>
<parent link="panda 1link0"/>
<child link="panda linkl"/>
<axis xyz="0 0 1"/>
<limit effort="87" lower="-2.8973" upper="2.8973"
velocity="2.1750"/>
<dynamics D="1" K="7000" damping="0.003" friction="0.0"
mu_coulomb="0" mu viscous="16"/>
</Jjoint>

60



Demo Time
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Appendix



What are Representations of Spatial
Transformations?

« Desired properties:
» Representing the forward kinematics of an open chain system as a
product of transformations
» Systemic derivation of the Jacobian that connects spatial
transformations to joint angles
» Unified representations of different types of robot joints
» No need for solving inverse Jacobian matrix

63



We Can Associate One Representation of Spatial
Transformation with Joint Angles in Linear Forms

« The twist coordinate (exponential of a twist is a rigid transformation matrix):
£ =£,0, + Adeflelfzéz + Ade’élele’ézezé?)és + -

Je, (6) Je,(6) Je,(6)

=g g Joy -1/ = J¢0

64



Solve Inverse Kinematic without Calculating
the Inverse Jacobian Matrix

Newton-Raphson Method:

AG = J71(6°) (zq — f(6°)) .

AO = ]El(gA)» where EA — log(TCZL%‘rent(H)TtaTget)

65



What is Twist?



Rotational Motion in R3

Rotation matrix: Ry = [Xap, Yabr Zap] q
Properties of rotation matrices:

» Orthonormality: RR' =R'R =1

» detR =+1 Z / Zab

Xab =

I Yab

67



Rotational Motion in R3

Rotation matrix: Ry = [Xap, Yabr Zap]
Properties of rotation matrices:

» Orthonormality: RR' =R'R =1
» detR =+1

e il

Rotation matrices R™*™ form a special
group:

SO(n) = {R™™:RR" =],detR = +1}
Composability:R; = R3R%

How to connect rotation matrices
with robot joint angles?

68



Exponential Coordinates for Rotation

« A more geometrical description of “a
rotation”.
» an axis of rotation w that specifies
the direction of rotation
» the angle of rotation 6

« (Can we derive the rotation matrix
fromwand @ ?

ANAVANAN
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Exponential Coordinates for Rotation

Prerequisite: cross products can be
represented as matrix multiplications

f we rotate the body at constant
velocity about the axis w, the velocity
of the point:

q(8) = w x q(6) = wq(6)
= q(8) = e®9q(0)

70

ANAVANAN

q(0)



Exponential Coordinates for Rotation

« Properties of skew matrix a:
» The set of 3 x 3 real skew-symmetric matrices composes so(3)
> axXb=ab
> a'=—a
« We can rewrite e®?:
0° 63

e@9=1+ea+5a2+§aﬁ+---
. 83 95 R 62 04 .
e =l+(0 -t @+ (-t | @

= e® =] +sinf® + (1 — cos 6) @>

71



Exponential Coordinates for Rotation

«  Given w and 6, the exponential e®? € SO(3)
> [eae]—l _ B0 _ ,0'0 _ [eae]T

> dete®? = +1 (based on the continuity of exponential map and the
fact that dete® = 1)

« Given a rotation matrix R, there exists w € R3 and 6, such that R = e®?

2

wiVg + Cg W1WyVg — W3Sy W1W3Vg + W2Sg "1 Tz T3

e®? = [w,w,vg + wssy w3vg + Cg W,W3Vg — W1Sg R=1|T1 T2 T23
2 . T34 T3p T

W1W3Ve — WS WrW3Vg + W1Sg W3Vg + Cg all we need is to 31 732 733

find the solution
cg =cosB,sg =sinf,vg =1—cosb
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Quick summary

« Exponentials provide a more geometrical
description of “a rotation”:
» an axis of rotation w that specifies the
direction of rotation
» the angle of rotation 6
> e%? € 50(3)
» Given a rotation matrix R, there exists w €
R3 and 6, such that R = e®?
« We can easily represent the revolute joint with
such representations

ANAVANAN
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Rigid Motion in R?

Rotation matrix: R = [Xap, Yabs Zap]
Translation: pg

Rigid transformation from frame b to a:

95(q) = q, = vy + Ryqp

or in homogeneous representations

=1 %[5

74
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Rigid Motion in R?

« Rigid transformation from frame b to a:
[(Ia] _ [Rg Py [CIb]
1 0 1]1L1

« Rigid transformations form a special group:
SE(n) ={(p,R):p € R",R € SO(n)}

- Composability: g; = g59+

« Theinverse of g € SE(3) still belongs to

SE(3):
-1 _ RT —RTp]
g [o 1

75

dp

95 (q)

How to connect rigid transformations
with robot configurations?



More Geometrical Representations for Rigio
Transformation

“p ¢ Purerotation
| p0) = w x (p(6) —q)

ol=15 ~“ Il

=P =&p = p6) = e£95(0)

*.Jp
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Exponential Coordinates for Rigid Transtormation

‘@ Purerotation | :,:"';9(15)  Pure translation
W PO =ex () -9 7~ Y p(6) =v
A j .
ol=l5 % Il ol =lo ollil
=P =£&p=p(6) = ep(0) > b = £p = p(6) = ¢*°p(0)
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The & Matrix and the Twist

« & matrices form a special group

se(3) = { (6) g VER3 D E 50(3)}

« We define £ .= (v, ®) as the twist coordinates of &

. Given & € se(3) and 6 € R, the exponential e$? € SE(3)

We'll prove later!
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The Screw Representation of Rigid Motion

We can interpret a twist as a screw axis

S and an angular velocity 8

A screw axis § = {q, S, h}, where

> @ is any point on the axis

» §iS aunitvector in the direction of
the axis h = pitch =

» his the “screw pitch”, denoting the lincar speed/angular speed
ratio of the linear velocity to the
angular velocity 6

h = 0, the screw motion denotes pure rotation (e.g. revolute joint)
h — oo, the screw motion denotes pure translation (e.g. prismatic joint)
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The Screw Representation of Rigid Motion

> With § ={q,5, h} and 6, we define a twist:

. th /
- L A
— — . . —_— X
v —560 X g + hs6 ’ q /
h = pitch =
linear speed/angular speed
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The Screw Representation of Rigid Motion

> With § ={q,5, h} and 6, we define a twist:

50
£ = 1ol = | s x g + nst

& For any twist & where w # 0, there exists
an equivalent screw axis § = {q, s, h} and

velocity 6:

§=w/|lwll
0= |lwll
h=a"v/6

q is chosen accordingly

81

h = pitch =
linear speed/angular speed



What Do We Need to Show?

. Given & € se(3) and 6 € R, the exponential e$? € SE(3)

- With § = {q,5,h} and 8, we have a twist: & = [ ] [—56 9 5+h59]
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

Ifw = 0:

=[5 o=l === ¢

W)
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)
fw = 0:
s _[® 0 2 _23_[0 0
$=1% g]: 0 g]:“t _53_[0 0

{9_ _2 —3 ceee — j— v
=1+ 68+ E = 1463 [o o]
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

e |fw=+#0:

First, we assume ||@|] = 1 and we can scale 8 appropriately

&)\v]

Next, we define a rigid transformation g = [(I) 1
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

e |fw=+#0:

First, we assume ||@|] = 1 and we can scale 8 appropriately

&)\v]

Next, we define a rigid transformation g = [(I) 1

Let & = g71g = (I) _?v] ? '5] [(I) (Tﬂ
_[@ v] [I &)\v] _ [&3 WV + v]
0 1 0 0
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

e |fw=+#0:

First, we assume ||@|] = 1 and we can scale 8 appropriately

&)\v]

Next, we define a rigid transformation g = [1 1

Let é\, _ g_lég _ (I) —&517] ] [I a)v]

=[5 olle Y1=lg ““5""]

D ww v—vcy}ﬂw+/v/]=[@ a)a)Tv]
0 0 0

10
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

e |fw=+#0:

First, we assume ||@|] = 1 and we can scale 8 appropriately

&517]

Next, we define a rigid transformation g = [I 1

Let é\, _ g_lég _ (I) —&517] ] [I a)v]

=[5 olle V1=l ““5""1,

D ww v—vcy}ﬂw+/f7/]=[$ a)a)Tv‘
0 0 0

10
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

e |fw=+#0:

First, we assume ||@|] = 1 and we can scale 8 appropriately

Next, we define a rigid transformation g = [I “’1'7]
Let 9?’ =g %g= ! —a)v] ] [1 a)v] What's next? We are going
0 - Fq2) c1g g1
A~ to derive e$? from e95 09
— |¥ ] [I wv] W WLV + v]
0 0 "
_ [ wo'v- ve'w +/?7/] _ [@ a)‘a)Tv‘
0 0 0 0
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

+ Before continuing the proof, we first show that for any invertible matrix
g € R™™ and a matrix A € R™™, we have e949™" = gehg1

A A3
LN ] A_ - - Ve
-e—I+A+2!+3!+

_ Aa taAg 1 Aa—taha—LaAa=1
-'-egAgl=I+gAg‘1+ggz"gg +gg g:'gg' 929 + ..

— 1 o 00
=I+gAg™ +=——— + =+
- L 9NgT ghgT? _
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

-1

. We have €80 = ¢9¢'097" = ge‘?’é’g‘1
.«  What's e£'6?
First, we know @w =w X w =0

-~ A 7 ~2 ~ ~2
Second, we know & = ((‘)’ “’h] [“’ “’h] = [‘U wwh] = [‘U 0]

g =]2" 0.
£ 20 ;2 93’73 I+692+@03+ wh6 + 0 +
et ? =1+0& + f +—f = 21 3!
0 1
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

. We have ¢80 = ¢9§'097" = get'0 g1
. What's %67
0% o3 ~
ef0 = |l +or+—5r+ whO+0+- :[e‘“e wh@]
' 0 ' 1 0 1

Let's put everything together
80 — [e‘w (I —e®%)av + a)a)TUHI
0 1
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Proof: Given € € se(3) and 8 € R, the exponential esf ¢ SE(3)

.+ We have 80 = ¢98'097" = 48’0 g1
.« What's %97
o* @ ~
o0 = [ +or+or 4 whf+ 0+ | - [e‘”e wh@]
H O 3. 1 O 1
Let's put everything tegether
80 — 29 (1 —e%%)av + a)a)TUHI
0 1
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What Do We Need to Show?

. Given & € se(3) and 6 € R, the exponential e$? € SE(3)

- With § = {q,5,h} and 8, we have a twist: & = [ ] [—56 9 5+h59]
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Proof: With § = {qg,5, h} and 0, we have a twist: & = [C;)] = [_59 x§5+ -

« Let's write down the rigid motion
from point p to g(p) = p'":

95




Proof: With § = {q,5, h} and 6, we have a twist; & = [Cs] = [

« Let's write down the rigid motion
from point p to g(p) = p'":

p'=q+e®(p—q
p"' =p' + whb

g(p) =q+ 6‘39(}9 —q) + whb
@0 RAY:
= g[ﬂ = [eO (I—e®%)q + wh@] llﬂ J—

1

96
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Proof: With § = {qg,5, h} and 0, we have a twist: & = [C;)] = [_59 ><§5+ -

« Let's write down the rigid motion « We know:
from point p to g(p) = p'":
80 — [eae (I —e®)av + ww%@]
/ w06 1
p=q+e”(p—q) !
p" =p' + whb
g(p) = q +e®%(p — q) + who

O e |

Equivalentif v = —w X q + wh
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Example: Revolute Joint

0
The joint only rotates (h = 0) atq = [ll]
0

i _-.._\‘
U
5 h
\ “
£ \
i n
I x
M
i
|

0 L
1
Rotation axis: w = |0 B y
1

ge

Ly
Wehavev=—a)><q+a)h=l0]
0

We have twist & = [C;)]
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Example: Revolute Joint

« The exponential:

080 [e‘w (I —e®)av + ww'vl Ly
0 1 : y

L\
Y A
* T TS N
Py \ . \
TN N \
[ oo
L. '
I
I

¥

(cos@ —sinf l,sin@

0 0 0 S~

ge

0

sinf cosf® 0 [;(1—cosh)
1
0

0 0 1. | I
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Previously, We Discussed Inverse Kinematic

« (Connecting a twist and joint angles in linear forms:

€S — 51 6}1 + AdE[SﬂHl (52) ég —|— Adﬁ[sl]gl e[S2]62 (S:,;) 6'3 + . %
oL T o ¢ > g
=] Jsa Jea

|
o~
ek
o~
\
~—~

)
~—"
~
S
~—~

D
~—"

$s

|
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~~

N
~—
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Association of Velocities of a Rigid Body at
Different Coordinate Frames

« Rotational velocity: we know q,(t) = Ry q,(t)

dqe(t) dR{ dq, ) w®
CIa b CI
= R%
dt dt 9p(t) + Ry dt
?g‘ Z Zab

Xab =,

10



Assoclation O

" \Velocities of a

Differe

dqq(t)
dt

— RY

1 dqq(t)
dt

Nt Coordinate F

« Rotational velocity: we know q,(t) = Ry q,(t)

qp(t)

= Rpqp(t) = R,‘,‘Rg_leqb(t)

= RERE " q, ()

W5, instantaneous angular velocity of
the object seen from Spatial (A) frame

Rigid Body at

AdImes

qp(t)

Xab =,




Association of Velocities of a
Different Coordinate F

« Rotational velocity: we know q,(t) = Ry q,(t)

dqg,(t) .
c(llt = R, qp(t)
dqq(t : _ N
I th( ) - RICDLRI? 1Qa(t) — wglea(t)
dqq(t : 1
2. 220 — Req,(t) = RERE'REqy(1)

I*_l

., instantaneous angular velocity of the
object seen from instantaneous body
frame coincided with B frame at time t

Rigid Body at

AdImes

qp(t)

Xab =,




Association of Velocities of a Rigid Body at
Different Coordinate Frames

« Rotational velocity: we know q,(t) = Ry q,(t)

qp(t)
dqg,(t) .
c(llt = Rpqp(t) )
d all d — ~ Z Zab
1. 2498 = RERET g, (6) = By Galt) f?

dt

dqg(t :
2. 2920 — RERETREq,(t) = REDE,qs (1)

« We can associate angular velocity observed at .
the spatial and body frame: N

~b a— 1/\5
Wap = Ry bRb




Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a
rigid motion: gg = [ROD plb]

we know [1a89] = g [#9] 5 4,(6) = gia,(®

we obtain twist observed at the spatial frame:

dg,(t) . _
;t = g2, (¢)




Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid boay velocity:

a a
rigid motion: gg = [ROD plb]

we know [1a89] = g [#9] 5 4,(6) = gia,(®

we obtain twist observed at the spatial frame:
dg.(t) ., _ a a-1 a~ : ~1.
— =d50 () = g5 g5 95@ () = ghgh Ga(®)

dt bl

£s,: instantaneous twist of the object
seen from spatial (A) frame at time t

10
6



Association of

Differe

 Rigid body velocity:

e a  [RE
rigid motion: gy = 0

Velocities of a

Nt Coordinate F

pé‘]
1

The twist observed at the spatial frame:
[RaRa L —RERET Pb +Pb]

éccsib = gggb

Rigid Body at

AdImes



Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid boay velocity:

a a
rigid motion: gg = [ROD plb]

The twist observed at the spatial frame:

&, = g8g8” TR?JRI?” ~RgRE'pg + ps]—l
L0 0

oo v, : not the velocity of the body frame, but the
instantaneous velocity of the point on an
infinitely large body currently at the origin of
the spatial (A) frame




Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid body velocity:

a a
rigid motion: gg = [ROD plb]

The twist observed at the body frame:

—1 -1,
&y, =gs g5 =|Fo Ro Ry B
0 0



Association of Velocities of a Rigid Body at
Different Coordinate Frames

 Rigid boay velocity:

a a
rigid motion: gp = [Rb pb]

0 1
The twist observed at the body frame:
[lpa—1pa a—1_.al
b _ qa~Vsa— Ry Rp |Rp Dp
Sab = 9b ]1919 { 0 0 J l
o, vP, . the instantaneous velocity at the body

frame

11



Association of Velocities of a Rigid Body at
Different Coordinate Frames

ne twist observed at the body frame: égb

ne twist observed at the spatial frame: &5,

he association of twist between these two frames: &5, = ggégbgg-l

11



Association of Velocities of a Rigid Body at
Different Coordinate Frames

ne twist observed at the body frame: égb

ne twist observed at the spatial frame: &5,

-1

Ne association of twist between these two frames: égb = ggég,,gg
= [@fw ab] [Rb Pb] [ ab ab] [R“ ' —Ré“lpz‘}]

0 1
N [&)\fw ab] [RaAbbRa . RaAbbRb py, + Ry 17@19]
0 1

11



Association of Velocities of a Rigid Body at
Different Coordinate Frames

« We have:

—_ a—
Wap = Rywgy Ry

s a~b pa—1_a a..b
Vap = —RpWapRy Py + Rpvg,

11



Association of Velocities of a Rigid Body at
Different Coordinate Frames

« First, we know given any u € R® and R € S0(3), the following always holds:

RAR™' = Ru
Proof. Letting 7' denotes the i-th row of R
r(uxr) ruxr) r(uxr)]
RiR'=|n(uxr) rnuxr) rluxr)
ra(uxX1r3) r3(uxry) r3(uxr))

0 —nu  nu
=| r3u 0 —rju|=Ru
—-ru  Tu 0 .

11
4



Association of Velocities of a Rigid Body at
Different Coordinate Frames

e As aresult:

~S _ pa~b pa—1 ~S _ pa..a s _ pa,.a
Wap = RpWapRy = Wy = Rywy, = wyp = Rywg

11



Assoclation O

" \Velocities of a

Differe

e As aresult:

A~ _ pa~b
Wap = Rygy

e Also:

s a~b
Vap = —RpWgy

Nt Coordinate F

Rigid Body at

AdImes

a—1 ~S _ pa.,.a s _ pa,.a
Ry =~ = Wgp = Rywgy, = wgp = Rywgy

11

a—1_a a.b _ ~S ..a a..b
Ry "pp + Ryvgy = —Wappp + Rpvgy



Assoclation O

" \Velocities of a

Differe

e As aresult:

A~ _ pa~b
Wap = Rygy

e Also:

s a~b
Vap = —RpWgy

Nt Coordinate F

Rigid Body at

AdImes

a—1 ~S _ pa.,.a s _ pa,.a
Ry =~ = Wgp = Rywgy, = wgp = Rywgy

a—1_a a.b _ ~S ..a a..b
Ry "pp + Ryvgy = —Wappp + Rpvgy

— AS a a..b _ as a,.a a..b
= Pap@Wp T RpyVgp = DapRpwap + Ryvgy

11



Association of Velocities of a Rigid Body at
Different Coordinate Frames

« We have:

S _ a a
Wap = Rywgy

S __ .S a,.a a..b
Vap = DapRpwgap + RpVgy

e« Rewrite in a matrix form:

=l wll]

Ad,: adjoint transformation for gg,

11



Forany g € SE(3) and € € se(3), gég~* € se(3) is
a twist with twist coordinate Ad,¢
« We have & = [? g] € se(3) with the twist coordinate & = [(;)]

« We have:

st =[5 5 s 757



Forany g € SE(3) and € € se(3), gég~* € se(3) is
a twist with twist coordinate Ad,¢

« We have:
8 'R o vlI[R™! —R1
9¢97" =1 Ii”o o] [Ro R1 p]
R® Rv] [R‘l —R‘lp]
L () 0 0 1
ROR™Y —ROR p+ Rv]
L0 0




Forany g € SE(3) and € € se(3), gég~* € se(3) is
a twist with twist coordinate Ad,¢

« We have:
s _ R w v|[R~' —-R7!
9¢97" = | Ii”o o] [Ro R1 p]
_[R® Rv] [R‘l —R‘lp]
L 0 0 0 1
_[R®R™* —RGR 'p+ Rv]
0 0

_ R(;u —Rw%+ Rv] € se(3)




Forany g € SE(3) and € € se(3), gég~* € se(3) is
a twist with twist coordinate Ad,¢

« We have & = [? g] € se(3) with the twist coordinate & = [(;)]

« We have: gég=! = Rw  —Rwp + Rv] € se(3)

0
e The twist coordinate:

pr"‘RU] [pRa)+Rv] [pR R [w] Adg¢



Previously, We Discussed Inverse Kinematic

« (Connecting a twist and joint angles in linear forms:

€S — 51 6}1 + AdE[SﬂHl (52) ég —|— Adﬁ[sl]gl e[S2]62 (S:,;) 6'3 + . %
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Product of Exponential for an N-Link Open Chain

« Spatial transformation of the
open chain:

T(04,0,,..,0,) = e$101¢8202 _ oénfn




Product of Exponential for an N-Link Open Chain

Spatial transformation of the open
chain:

T(04,0,,..,0,) = e$101¢8202  oénfn

The twist of the spatial transformation
(check page 78):

é\S — TT—l




Product of Exponential for an N-Link Open Chain

« Theinverse of the spatial transformation:

T-1 = M—le—gnen 3—32923—3191
e The derivative of the transformation:

101\ ) ) 2.0 A
(ded; 1) 6'5292 ,..egnenM + 3'5191 (dedz 2) eEnQnM T ...

— 519.18318183292 ___egnenM + 62191529283202 ___egnenM 4 ...




Product of Exponential for an N-Link Open Chain

« Theinverse of the spatial transformation:

T-1 = M—le—gnen ___6—32923—3191

e The derivative of the transformation:

§161) ) ] FL .
T — (ded; 1) 3'5292 .__efnenM + 3'5191 (dedz 2) eEanM + ...

— 519.18318183292 ___egnenM + 62191529283202 ___egnenM 4 ...

« The twist of the spatial transformation (check page 78):
ES=TT 1 =§&6, + 831919826.’23_3191 + 331913329253933—32923—5191 4 ..



Product of Exponential for an N-Link Open Chain

e The twist of the spatial transformation:
E5 =TT 1 = &6, + e51018,0,e~5101 + 81018202 0820208161 4 ...

— 519'1 4 33191528—31919'2 4+ 6319183292533—9%2926—319193 1.



Product of Exponential for an N-Link Open Chain

e The twist of the spatial transformation:
£ =TT 1 = &6, + e1918,0,e5101 4 8101052028 0, 820208161 4 ...

— 519'1 4 63191528—31919'2 4+ 8319185292538—9%2928—319193 1.

 The twist coordinate:
ES =§,0, + Adeélelfzéz + Adeélele?292€393 + -

byt

151(9) 152(9) 153(9)

129



Product of Exponential for an N-Link Open Chain

 The twist coordinate:
£ =g (0)01 +]¢,(6)0, +]6,(0)63 + -

=UE1 ]fz 153 ] % =Ifé

130



Numerical Inverse Kinematic

Newton-Raphson Method:

AG = J71(6°) (zq — f(6°)) .

AO = ]El(gA)» where EA — log(TCZL%‘rent(H)TtaTget)

131
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   x e


   y e


   z e


  n


   q 1


   q 2


   q 3


   q 4


  n


   d  A C ,  d  A B ,  d  B C


  x ,   y ,   𝜃


  X , Y , Z ,   p i t c h ,   r o l l ,   y a w )


  𝜃


  X , Y , Z ,   p i t c h ,   r o l l ,   y a w )


  d


  𝜃


  d


  D o F = 6 ∗  (  8 − 1 ) −  ∑  i = 0 6  5 = 7  


   x e


   y e


   z e


   q 1


   q 2


   q 3


   q 4


   c 1


    cos ⁡   𝜗 1


   s 1


    s i n ⁡   𝜗 1


  y


  x


  y


   q 2


   q 1


   T 3 2


  x


  y


   T 2 1


  P


   [      𝒑 0   1 ] =  [      𝑹 1 0   𝒐 1 0    𝟎 T  1 ]  [      𝒑 1   1 ]


   O 1


   O 0


   O 1


   O 0


  y


  x


  y


   q 2


   q 1


   T 3 2


  x


  y


   T 2 1


  P


   T e b  ( 𝒒 ) =  T 0 b  T 1 0  (   q 1 ) …  T n  n − 1  (   q n )  T e n


   z i


  i + 1


   z i


  i + 1


   x i


   z i


   z  i − 1


   z i


  i + 1


   x i


   z i


   z  i − 1


   y i


   R  x ,  𝛼 i   =  [        1  0   0   c   𝛼 i     0  0     − s   𝛼 i  0      0   s   𝛼 i   0  0      c   𝛼 i  0   0  1 ]


   T i   i ′ =  [        1  0   0  1     0   a i   0  0      0  0   0  0     1  0   0  1 ]


   T   i ′  i − 1 =  [        1  0   0  1     0  0   0  0      0  0   0  0     1   d i   0  1 ]


   R  z ,  𝜗 i   =  [         c   𝜗 i    − s   𝜗 i    s   𝜗 i   c   𝜗 i     0  0   0  0      0  0   0  0     1  0   0  1 ]


   A i  i − 1 =  R  z ,  𝜗 i    T   i ′  i − 1  T i   i ′  R  x ,  𝛼 i  


  =  [         c   𝜗 i    − s   𝜗 i  c   𝛼 i    s   𝜗 i   c   𝜗 i  c   𝛼 i      s   𝜗 i  s   𝛼 i   a i  c   𝜗 i     − c   𝜗 i  s   𝛼 i   a i  s   𝜗 i      0   s   𝛼 i   0  0      c   𝛼 i   d i   0  1 ]


   A i  i − 1 =  [         c   𝜗 i    − s   𝜗 i  c   𝛼 i    s   𝜗 i   c   𝜗 i  c   𝛼 i      s   𝜗 i  s   𝛼 i   a i  c   𝜗 i     − c   𝜗 i  s   𝛼 i   a i  s   𝜗 i      0   s   𝛼 i   0  0      c   𝛼 i   d i   0  1 ]


   A e b  ( 𝒒 ) =  A 0 b  A 1 0  (   q 1 ) …  A n  n − 1  (   q n )  A e n


   𝒑 b =  A 0 b  A 1 0  (   q 1 ) …  A n  n − 1  (   q n )  A e n  𝒑 e


  𝒒


  f ( 𝒒 )


  i


  i − 1


  n


  n


  n


  end−effector pose = f ( 𝒒 )


  𝒒 =    f  − 1 ( end−effector pose )


    cos ⁡  (  𝜗 1 +  𝜗 2 +  𝜗 3 )


  end − effector pose =    T 3 0  T e 3  [        0   0      0   1 ]


  end − effector pose =  [      p x    p y   𝜙 ] =  [      a 1  c 1 +  a 2  c  12 +  a 3  c  123    a 1  s 1 +  a 2  s  12 +  a 3  s  123    𝜗 1 +  𝜗 2 +  𝜗 3 ]


   [      p x    p y   𝜙 ] =  [      a 1  c 1 +  a 2  c  12 +  a 3  c  123    a 1  s 1 +  a 2  s  12 +  a 3  s  123    𝜗 1 +  𝜗 2 +  𝜗 3 ]


   p   W x =  p x −  a 3  c 𝜙 =  a 1  c 1 +  a 2  c  12


   p   W y =  p y −  a 3  s 𝜙 =  a 1  s 1 +  a 2  s  12


     p   W x 2 +    p   W y 2 =  a 1 2 +  a 2 2 +   2 a 1  c 1  a 2   ( c 1  c 2 −  s 1  s 2 ) + 2  a 1  s 1  a 2   ( s 1  c 2 +  c 1  s 2 ) =  a 1 2 +  a 2 2 +   2 a 1  a 2  c 2


   c 2 =      p   W x 2 +    p   W y 2 −  a 1 2 +  a 2 2    2 a 1  a 2


   s 2 = ±   1 −  c 2 2


   𝜗 2 = A t a n 2   (  s 2 ,  c 2 )


  ∆ 𝜃 =  𝑱 𝝃  − 1  (   𝜉 ∆ ) ,   where    𝜉 ∆ =   log ⁡   (   T  c u r r e n t  − 1  ( 𝜃 )  T  t a r g e t )


   𝜉 s =  𝜉 1    𝜃 . 1 +   Ad   e     𝜉 ^ 1  𝜃 1  𝜉 2    𝜃 . 2 +   Ad   e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3    𝜃 . 3 + …                    


  =  [         J   𝜉 1   J   𝜉 2      J   𝜉 3  … ]  [           𝜃 . 1      𝜃 . 2         𝜃 . 3   ⋮ ] =  J 𝝃  𝜽 .


   J   𝜉 1  ( 𝜃 )


   J   𝜉 2  ( 𝜃 )


   J   𝜉 3  ( 𝜃 )


  ∆ 𝜃 =  𝑱 𝝃  − 1  (   𝜉 ∆ ) ,   where    𝜉 ∆ =   log ⁡   (   T  c u r r e n t  − 1  ( 𝜃 )  T  t a r g e t )


   R b a =  [   𝒙  a b ,  𝒚  a b ,  𝒛  a b ]


  R  R ⊺ =  R ⊺ R = I


    det ⁡ R = + 1


   ℝ 3


   R b a =  [   𝒙  a b ,  𝒚  a b ,  𝒛  a b ]


  R  R ⊺ =  R ⊺ R = I


    det ⁡ R = + 1


   ℝ  n × n


  S O  ( n ) =  {   ℝ  n × n : R  R ⊺ = I ,   det ⁡ R = + 1   }


   R 1 3 =  R 2 3  R 1 2


   ℝ 3


    det ⁡ R =    r 1 ⊺  (   r 2 ×  r 3 ) =    r 1 ⊺  r 1 = 1


  𝝎


  𝜃


  𝝎


  𝜃


  q  ( 𝜃 )


  q  ( 0 )


  𝜃


  𝝎


  q  ( 𝜃 )


  q  ( 0 )


  𝜃


  𝒂 × 𝒃 =  𝒂 ^ 𝒃


   𝒂 ^ =  [     0    − a 3   a 2    a 3  0    − a 1     − a 2   a 1  0 ]


   𝒒 .  ( 𝜃 ) = 𝝎 × 𝒒  ( 𝜃 ) =  𝝎 ^ 𝒒  ( 𝜃 )


  ⇒ 𝒒  ( 𝜃 ) =  e   𝝎 ^ 𝜃 𝒒  ( 0 )


   𝒂 ^  


  3 × 3


  s o  ( 3 )


  𝒂 × 𝒃 =  𝒂 ^ 𝒃


   𝒂 ⊺ = − 𝒂


   e   𝝎 ^ 𝜃


   e   𝝎 ^ 𝜃 = I + 𝜃  𝝎 ^ +    𝜃 2  2 !    𝝎 ^ 2 +    𝜃 3  3 !    𝝎 ^ 3 + …


  ⇒  e   𝝎 ^ 𝜃 = I +  (  𝜃 −    𝜃 3  3 ! +    𝜃 5  5 ! − … )  𝝎 ^ +  (     𝜃 2  2 ! −    𝜃 4  4 ! + … )    𝝎 ^ 2


  ⇒  e   𝝎 ^ 𝜃 = I +   sin ⁡ 𝜃  𝝎 ^ +  (  1 −   cos ⁡ 𝜃 )    𝝎 ^ 2


   ‖ 𝝎 ‖ = 1


     𝝎 ^ 2 = 𝝎  𝝎 ⊺ −    ‖ 𝝎 ‖ 𝟐 I


     𝝎 ^ 3 = −    ‖ 𝝎 ‖ 𝟐  𝝎 ^


  𝝎


  𝜃


   e   𝝎 ^ 𝜽 ∈ S O ( 3 )


     [   e   𝝎 ^ 𝜃 ]  − 1 =  e  −  𝝎 ^ 𝜃 =  e     𝝎 ^ ⊺ 𝜃 =    [   e   𝝎 ^ 𝜃 ] ⊺


    det ⁡   e   𝝎 ^ 𝜃 = + 1


    det ⁡   e 0 = 1


  R


  𝝎 ∈  ℝ 3


  𝜃


  R =  e   𝝎 ^ 𝜃


   e   𝝎 ^ 𝜃 =  [      𝜔 1 2  v 𝜃 +  c 𝜃   𝜔 1  𝜔 2  v 𝜃 −  𝜔 3  s 𝜃   𝜔 1  𝜔 3  v 𝜃 +  𝜔 2  s 𝜃    𝜔 1  𝜔 2  v 𝜃 +  𝜔 3  s 𝜃   𝜔 2 2  v 𝜃 +  c 𝜃   𝜔 2  𝜔 3  v 𝜃 −  𝜔 1  s 𝜃    𝜔 1  𝜔 3  v 𝜃 −  𝜔 2  s 𝜃   𝜔 2  𝜔 3  v 𝜃 +  𝜔 1  s 𝜃   𝜔 3 2  v 𝜃 +  c 𝜃 ]


  R =  [      r  11   r  12   r  13    r  21   r  22   r  23    r  31   r  32   r  33 ]


   c 𝜃 =   cos ⁡ 𝜃 ,    s 𝜃 =   sin ⁡ 𝜃 ,  v 𝜃 =   1 − cos ⁡ 𝜃


  𝝎


  𝜃


   e   𝝎 ^ 𝜽 ∈ S O ( 3 )


  R


  𝝎 ∈  ℝ 3


  𝜃


  R =  e   𝝎 ^ 𝜃


  q  ( 𝜃 )


  q  ( 0 )


  𝜃


   R b a =  [   𝒙  a b ,  𝒚  a b ,  𝒛  a b ]


   p b a


   g b a  ( q ) =  q a =  p b a +  R b a  q b


   [      q a   1 ] =  [      R b a   p b a   0  1 ]  [      q b   1 ]


   ℝ 3


   q b


   g b a  ( q )


   p b a


     q a -


     q b -


     g - b a


   [      q a   1 ] =  [      R b a   p b a   0  1 ]  [      q b   1 ]


  S E  ( n ) =  {   (  p ,   R ) : p ∈  ℝ n ,   R ∈ S O ( n ) }


     g - 1 3 =    g - 2 3    g - 1 2


  g ∈ S E ( 3 )


  S E ( 3 )


   g  − 1 =  [      R ⊺  −  R ⊺ p   0  1 ]


   ℝ 3


   q b


   g b a  ( q )


   p b a


     q a -


     q b -


     g - b a


   𝒑 .  ( 𝜃 ) = 𝝎 ×  (  𝒑  ( 𝜃 ) − 𝒒 )


   [      𝒑 .   0 ] =  [      𝝎 ^  − 𝝎 × 𝒒   0  0 ]  [     𝒑   1 ]


  ⇒    𝒑 - . =  𝜉 ^  𝒑 - ⇒  𝒑 -  ( 𝜃 ) =  𝒆   𝜉 ^ 𝜃  𝒑 -  ( 𝟎 )


   𝜉 ^ =  [      𝝎 ^  − 𝝎 × 𝒒   0  0 ]


  q  ( 0 )


   𝒑 .  ( 𝜃 ) = 𝝎 ×  (  𝒑  ( 𝜃 ) − 𝒒 )


   [      𝒑 .   0 ] =  [      𝝎 ^  − 𝝎 × 𝒒   0  0 ]  [     𝒑   1 ]


  ⇒    𝒑 - . =  𝜉 ^  𝒑 - ⇒  𝒑 -  ( 𝜃 ) =  𝒆   𝜉 ^ 𝜃  𝒑 -  ( 𝟎 )


   𝜉 ^ =  [      𝝎 ^  − 𝝎 × 𝒒   0  0 ]


   𝒑 .  ( 𝜃 ) = 𝒗


   [      𝒑 .   0 ] =  [     0  𝒗   0  0 ]  [     𝒑   1 ]


  ⇒    𝒑 - . =  𝜉 ^  𝒑 - ⇒  𝒑 -  ( 𝜃 ) =  𝒆   𝜉 ^ 𝜃  𝒑 -  ( 𝟎 )


   𝜉 ^ =  [     𝟎  𝒗   0  0 ]


   𝜉 ^


   𝜉 ^


  s e  ( 3 ) ≔  {   [      𝜔 ^  v   0  0 ] : v ∈  ℝ 3 ,  𝜔 ^ ∈ s o  ( 3 ) }


  𝜉 ≔  (  v ,    𝜔 ^ )


   𝜉 ^


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝒮


   𝜃 .


  𝒮 =  {  q ,    s - , h }


  q


   s -


  h


   𝜃 .


  h = 0


  h → ∞


   s -


  h  s -  𝜃 .


  −  s -   𝜃 × q .


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


   s -


  h  s -  𝜃 .


  −  s -   𝜃 × q .


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


  𝜉


  𝜔 ≠ 0


  𝒮 =  {  q ,  s - , h }


   𝜃 .


   s - =  𝜔 /   ‖ 𝜔 ‖


   𝜃 . =  ‖ 𝜔 ‖


  h =      𝜔 ^ ⊺ v /   𝜃 .


  q


   s -


  h  s -  𝜃 .


  −  s -   𝜃 × q .


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 = 𝟎


   𝝃 ^ =  [      𝜔 ^  v   0  0 ] =  [     𝟎  v   0  0 ] ⇒    𝜉 ^ 2 =    𝜉 ^ 3 =  [     𝟎  𝟎   0  0 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 = 𝟎


   𝝃 ^ =  [      𝜔 ^  v   0  0 ] =  [     𝟎  v   0  0 ] ⇒    𝜉 ^ 2 =    𝜉 ^ 3 =  [     𝟎  𝟎   0  0 ]


   e   𝝃 ^ 𝜃 = I + 𝜃  𝝃 ^ +    𝜃 2  2 !    𝝃 ^ 2 +    𝜃 3  3 !    𝝃 ^ 3 + … = I + 𝜃  𝝃 ^ =  [     𝑰  𝒗 𝜃   0  0 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 ≠ 𝟎


   ‖   𝜔 ^ ‖ = 1


  𝜃


  g =  [     I   𝜔 ^ v   0  1 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 ≠ 𝟎


   ‖   𝜔 ^ ‖ = 1


  𝜃


  g =  [     I   𝜔 ^ v   0  1 ]


    𝜉 ′ ^ =  g  − 1  𝜉 ^ g =  [     I  −  𝜔 ^ v   0  1 ]  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ]


  =  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ] =  [      𝜔 ^   𝜔 ^  𝜔 ^ v + v   0  0 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 ≠ 𝟎


   ‖   𝜔 ^ ‖ = 1


  𝜃


  g =  [     I   𝜔 ^ v   0  1 ]


    𝜉 ′ ^ =  g  − 1  𝜉 ^ g =  [     I  −  𝜔 ^ v   0  1 ]  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ]


  =  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ] =  [      𝜔 ^   𝜔 ^  𝜔 ^ v + v   0  0 ]


                    =  [      𝜔 ^  𝜔  𝜔 ⊺ v − v  𝜔 ⊺ 𝜔 + v   0  0 ] =  [      𝜔 ^  𝜔  𝜔 ⊺ v   0  0 ]


  a ×  (  b × c ) = b  (  a ∙ c ) − c  (  a ∙ b )


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 ≠ 𝟎


   ‖   𝜔 ^ ‖ = 1


  𝜃


  g =  [     I   𝜔 ^ v   0  1 ]


    𝜉 ′ ^ =  g  − 1  𝜉 ^ g =  [     I  −  𝜔 ^ v   0  1 ]  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ]


  =  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ] =  [      𝜔 ^   𝜔 ^  𝜔 ^ v + v   0  0 ]


                    =  [      𝜔 ^  𝜔  𝜔 ⊺ v − v  𝜔 ⊺ 𝜔 + v   0  0 ] =  [      𝜔 ^  𝜔  𝜔 ⊺ v   0  0 ]


  a ×  (  b × c ) = b  (  a ∙ c ) − c  (  a ∙ b )


  ℏ


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝜔 ≠ 𝟎


   ‖   𝜔 ^ ‖ = 1


  𝜃


  g =  [     I   𝜔 ^ v   0  1 ]


    𝜉 ′ ^ =  g  − 1  𝜉 ^ g =  [     I  −  𝜔 ^ v   0  1 ]  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ]


  =  [      𝜔 ^  v   0  0 ]  [     I   𝜔 ^ v   0  1 ] =  [      𝜔 ^   𝜔 ^  𝜔 ^ v + v   0  0 ]


                    =  [      𝜔 ^  𝜔  𝜔 ⊺ v − v  𝜔 ⊺ 𝜔 + v   0  0 ] =  [      𝜔 ^  𝜔  𝜔 ⊺ v   0  0 ]


  a ×  (  b × c ) = b  (  a ∙ c ) − c  (  a ∙ b )


  ℏ


   e   𝝃 ^ 𝜃


   e  g    𝝃 ′ ^ 𝜃  g  − 1


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  g ∈  ℝ  n × n


  Λ ∈  ℝ  n × n


   e  g Λ  g  − 1 = g  e Λ  g  − 1


  ∵  e Λ = I + Λ +    Λ 2  2 ! +    Λ 3  3 ! + …


  ∴  e  g Λ  g  − 1 = I + g Λ  g  − 1 +   g Λ  g  − 1 g Λ  g  − 1  2 ! +   g Λ  g  − 1 g Λ  g  − 1 g Λ  g  − 1  3 ! + …


  = I + g Λ  g  − 1 +   g  Λ 2  g  − 1  2 ! +   g  Λ 3  g  − 1  3 ! + … = g  g  − 1 + g Λ  g  − 1 +   g  Λ 2  g  − 1  2 ! +   g  Λ 3  g  − 1  3 ! + … = g  e Λ  g  − 1


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


   e   𝝃 ^ 𝜃 =  e  g    𝝃 ′ ^ 𝜃  g  − 1 = g  e     𝝃 ′ ^ 𝜃  g  − 1


   e     𝝃 ′ ^ 𝜃


   𝜔 ^ 𝜔 = 𝜔 × 𝜔 = 0


       𝝃 ′ ^ 2 =  [      𝜔 ^  𝜔 ℏ     0  0 ]  [      𝜔 ^  𝜔 ℏ     0  0 ] =  [        𝜔 ^ 2   𝜔 ^ 𝜔 ℏ     0  0 ] =  [        𝜔 ^ 2  0     0  0 ]


       𝝃 ′ ^ 3 =  [        𝜔 ^ 3  0     0  0 ] …                                                                          


   e     𝝃 ′ ^ 𝜃 = I + 𝜃    𝝃 ′ ^ +    𝜃 2  2 !      𝝃 ′ ^ 2 +    𝜃 3  3 !      𝝃 ′ ^ 3 + … =  [     I +        𝜔 ^ 𝜃 2  2 ! +        𝜔 ^ 𝜃 3  3 ! + …  𝜔 ℏ 𝜃 + 0 + …     0  1 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


   e   𝝃 ^ 𝜃 =  e  g    𝝃 ′ ^ 𝜃  g  − 1 = g  e     𝝃 ′ ^ 𝜃  g  − 1


   e   𝝃 ^ 𝜃


   e     𝝃 ′ ^ 𝜃 =  [     I +        𝜔 ^ 2  2 ! +        𝜔 ^ 3  3 ! + …  𝜔 ℏ 𝜃 + 0 + …     0  1 ] =  [      e   𝜔 ^ 𝜃  𝜔 ℏ 𝜃   0  1 ]


   e   𝝃 ^ 𝜃 =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 )  𝜔 ^ v + 𝜔  𝜔 ⊺ v 𝜃   0  1 ]


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


   e   𝝃 ^ 𝜃 =  e  g    𝝃 ′ ^ 𝜃  g  − 1 = g  e     𝝃 ′ ^ 𝜃  g  − 1


   e   𝝃 ^ 𝜃


   e     𝝃 ′ ^ 𝜃 =  [     I +        𝜔 ^ 2  2 ! +        𝜔 ^ 3  3 ! + …  𝜔 ℏ 𝜃 + 0 + …     0  1 ] =  [      e   𝜔 ^ 𝜃  𝜔 ℏ 𝜃   0  1 ]


   e   𝝃 ^ 𝜃 =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 )  𝜔 ^ v + 𝜔  𝜔 ⊺ v 𝜃   0  1 ]


  S O  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  𝜃 ∈ ℝ


   e   𝜉 ^ 𝜃 ∈ S E  ( 3 )


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


  p


  g  ( p ) =  p  ′ ′


   p ′


   p  ′ ′


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


  p


  g  ( p ) =  p  ′ ′


   p ′ = q +  e   𝜔 ^ 𝜃  (  p − q )


   p  ′ ′ =  p ′ + 𝜔 h 𝜃                      


  g  ( p ) = q +  e   𝜔 ^ 𝜃  (  p − q ) + 𝜔 h 𝜃


  ⇒ g  [     p   1 ] =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 ) q + 𝜔 h 𝜃   0  1 ]  [     p   1 ]


  𝒮 =  {  q ,  s - , h }


   𝜃 .


  𝜉 =  [     𝜔   v ] =  [      s -  𝜃 .   −  s -  𝜃 . × q + h  s -  𝜃 . ]


  p


  g  ( p ) =  p  ′ ′


   p ′ = q +  e   𝜔 ^ 𝜃  (  p − q )


   p  ′ ′ =  p ′ + 𝜔 h 𝜃                      


  g  ( p ) = q +  e   𝜔 ^ 𝜃  (  p − q ) + 𝜔 h 𝜃


  ⇒ g  [     p   1 ] =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 ) q + 𝜔 h 𝜃   0  1 ]  [     p   1 ]


   e   𝝃 ^ 𝜃 =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 )  𝜔 ^ v + 𝜔  𝜔 ⊺ v 𝜃   0  1 ]


  v = − 𝜔 × q + 𝜔 h


   (  h = 0 )


  q =  [     0    l 1   0 ]


  𝜔 =  [     0   0   1 ]


  v = − 𝜔 × q + 𝜔 h =  [      l 1   0   0 ]


  𝝃 =  [     𝜔   v ]


   e   𝝃 ^ 𝜃 =  [      e   𝜔 ^ 𝜃   (  I −  e   𝜔 ^ 𝜃 )  𝜔 ^ v + 𝜔  𝜔 ⊺ v 𝜃   0  1 ]


  =  [          c os ⁡ 𝜃    − sin ⁡ 𝜃     sin ⁡ 𝜃    c os ⁡ 𝜃     0   l 1   sin ⁡ 𝜃   0   l 1  (  1 −   c os ⁡ 𝜃 )      0                  0   0                  0     1                                              0   0                                              1 ]


   𝜉 S


   𝜉 S


   q a  ( t ) =  R b a  q b  ( t )


    d  q a  ( t )  d t =   d  R b a  d t  q b  ( t ) +  R b a   d  q b  ( t )  d t


   q b  ( t )


     R . b a


   q b  ( t )


   q a  ( t ) =  R b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a  q b  ( t ) =    R . b a    R b a  − 1  R b a  q b  ( t )


  =    R . b a    R b a  − 1  q a  ( t )                      


     𝜔 ^  a b s


   q b  ( t )


   q a  ( t ) =  R b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a    R b a  − 1  q a  ( t ) =    𝜔 ^  a b s  q a  ( t )


    d  q a  ( t )  d t =    R . b a  q b  ( t ) =  R b a    R b a  − 1    R . b a  q b  ( t )


     𝜔 ^  a b b


   q b  ( t )


   q a  ( t ) =  R b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a  q b  ( t )


    d  q a  ( t )  d t =    R . b a    R b a  − 1  q a  ( t ) =    𝜔 ^  a b s  q a  ( t )


    d  q a  ( t )  d t =  R b a    R b a  − 1    R . b a  q b  ( t ) =  R b a    𝜔 ^  a b b  q b  ( t )


     𝜔 ^  a b b =    R b a  − 1    𝜔 ^  a b s  R b a


   g b a =  [      R b a   p b a   0  1 ]


   [      q a  ( t )   1 ] =  g b a  [      q b  ( t )   1 ] ⇒    q ~ a  ( t ) =  g b a    q ~ b  ( t )


    d    q ~ a  ( t )  d t =    g . b a    q ~ b  ( t )


   g b a =  [      R b a   p b a   0  1 ]


   [      q a  ( t )   1 ] =  g b a  [      q b  ( t )   1 ] ⇒    q ~ a  ( t ) =  g b a    q ~ b  ( t )


    d    q ~ a  ( t )  d t =    g . b a    q ~ b  ( t ) =    g . b a    g b a  − 1  g b a    q ~ b  ( t ) =    g . b a    g b a  − 1    q ~ a  ( t )


     𝜉 ^  a b s


   g b a =  [      R b a   p b a   0  1 ]


     𝜉 ^  a b s =    g . b a    g b a  − 1 =  [        R . b a    R b a  − 1  −    R . b a    R b a  − 1  p b a +    p . b a   0  0 ]


   g b a =  [      R b a   p b a   0  1 ]


     𝜉 ^  a b s =    g . b a    g b a  − 1 =  [        R . b a    R b a  − 1  −    R . b a    R b a  − 1  p b a +    p . b a   0  0 ]


   v  a b s


     𝜔 ^  a b s


   g b a =  [      R b a   p b a   0  1 ]


     𝜉 ^  a b b =    g b a  − 1    g . b a =  [        R b a  − 1    R . b a     R b a  − 1    p . b a   0  0 ]


   g b a =  [      R b a   p b a   0  1 ]


     𝜉 ^  a b b =    g b a  − 1    g . b a =  [        R b a  − 1    R . b a     R b a  − 1    p . b a   0  0 ]


   v  a b b


     𝜔 ^  a b b


     𝜉 ^  a b b


     𝜉 ^  a b s


     𝜉 ^  a b s =  g b a    𝜉 ^  a b b    g b a  − 1


     𝜉 ^  a b b


     𝜉 ^  a b s


     𝜉 ^  a b s =  g b a    𝜉 ^  a b b    g b a  − 1


  ⇒  [        𝜔 ^  a b s   v  a b s   0  0 ] =  [      R b a   p b a   0  1 ]  [        𝜔 ^  a b b   v  a b b   0  0 ]  [        R b a  − 1  −    R b a  − 1  p b a   0  1 ]


  ⇒  [        𝜔 ^  a b s   v  a b s   0  0 ] =  [      R b a    𝜔 ^  a b b    R b a  − 1  −  R b a    𝜔 ^  a b b    R b a  − 1  p b a +  R b a  v  a b b   0  1 ]


     𝜔 ^  a b s =  R b a    𝜔 ^  a b b    R b a  − 1


   v  a b s = −  R b a    𝜔 ^  a b b    R b a  − 1  p b a +  R b a  v  a b b


  u ∈  ℝ 3


  R ∈ S O  ( 3 )


  R  u ^  R  − 1 =   R u ^


   r i ⊺


  i


  R


  R  u ^  R  − 1 =  [      r 1 ⊺  (  u ×  r 1 )   r 1 ⊺  (  u ×  r 2 )   r 1 ⊺  (  u ×  r 3 )    r 2 ⊺  (  u ×  r 2 )   r 2 ⊺  (  u ×  r 2 )   r 2 ⊺  (  u ×  r 3 )    r 3 ⊺  (  u ×  r 3 )   r 3 ⊺  (  u ×  r 2 )   r 3 ⊺  (  u ×  r 3 ) ]


            =  [     0  −  r 3 ⊺ u   r 2 ⊺ u    r 3 ⊺ u  0  −  r 1 ⊺ u   −  r 2 ⊺ u   r 1 ⊺ u  0 ] =   R u ^


   a   ⊺  (  b × c ) =  b   ⊺  (  c × a )


     𝜔 ^  a b s =  R b a    𝜔 ^  a b b    R b a  − 1 ⇒    𝜔 ^  a b s =    R b a  𝜔  a b a ^ ⇒  𝜔  a b s =  R b a  𝜔  a b a


     𝜔 ^  a b s =  R b a    𝜔 ^  a b b    R b a  − 1 ⇒    𝜔 ^  a b s =    R b a  𝜔  a b a ^ ⇒  𝜔  a b s =  R b a  𝜔  a b a


   v  a b s = −  R b a    𝜔 ^  a b b    R b a  − 1  p b a +  R b a  v  a b b = −    𝜔 ^  a b s  p b a +  R b a  v  a b b


     𝜔 ^  a b s =  R b a    𝜔 ^  a b b    R b a  − 1 ⇒    𝜔 ^  a b s =    R b a  𝜔  a b a ^ ⇒  𝜔  a b s =  R b a  𝜔  a b a


   v  a b s = −  R b a    𝜔 ^  a b b    R b a  − 1  p b a +  R b a  v  a b b = −    𝜔 ^  a b s  p b a +  R b a  v  a b b


  =    p ^  a b s  𝜔 b a +  R b a  v  a b b =    p ^  a b s  R b a  𝜔  a b a +  R b a  v  a b b


  a × b = − b × a


  ⇒  a ^ b = −  b ^ a


   𝜔  a b s =  R b a  𝜔  a b a


   v  a b s =    p ^  a b s  R b a  𝜔  a b a +  R b a  v  a b b


   [      𝜔  a b s    v  a b s ] =  [      R b a  0      p ^  a b s  R b a   R b a ]  [      𝜔  a b b    v  a b b ]


    Ad g


   g  a b


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


   𝜉 ^ =  [      𝜔 ^  v   0  0 ] ∈ s e  ( 3 )


  𝜉 =  [     𝜔   v ]


  g  𝜉 ^  g  − 1 =  [     R  p   0  1 ]  [      𝜔 ^  v   0  0 ]  [      R  − 1  −  R  − 1 p   0  1 ]


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


  g  𝜉 ^  g  − 1 =  [     R  p   0  1 ]  [      𝜔 ^  v   0  0 ]  [      R  − 1  −  R  − 1 p   0  1 ]


            =  [     R  𝜔 ^  R v   0  0 ]  [      R  − 1  −  R  − 1 p   0  1 ]


                  =  [     R  𝜔 ^  R  − 1  − R  𝜔 ^  R  − 1 p + R v   0  0 ]


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


  g  𝜉 ^  g  − 1 =  [     R  p   0  1 ]  [      𝜔 ^  v   0  0 ]  [      R  − 1  −  R  − 1 p   0  1 ]


            =  [     R  𝜔 ^  R v   0  0 ]  [      R  − 1  −  R  − 1 p   0  1 ]


                  =  [     R  𝜔 ^  R  − 1  − R  𝜔 ^  R  − 1 p + R v   0  0 ]


                  =  [       R 𝜔 ^  −   R 𝜔 ^ p + R v   0  0 ] ∈ s e  ( 3 )


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


   𝜉 ^ =  [      𝜔 ^  v   0  0 ] ∈ s e  ( 3 )


  𝜉 =  [     𝜔   v ]


  g  𝜉 ^  g  − 1 =  [       R 𝜔 ^  −   R 𝜔 ^ p + R v   0  0 ] ∈ s e  ( 3 )


   [     R 𝜔   −   R 𝜔 ^ p + R v ] =  [     R 𝜔    p ^ R 𝜔 + R v ] =  [     R  0    p ^ R  R ]  [     𝜔   v ] =   Ad g 𝜉


   𝜉 S


   𝜉 S


  T  (   𝜃 1 ,  𝜃 2 , … ,  𝜃 n ) =  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M


  T  (   𝜃 1 ,  𝜃 2 , … ,  𝜃 n ) =  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M


     𝜉 ^ s =  T .  T  − 1


   T  − 1 =  M  − 1  e  −    𝜉 ^ n  𝜃 n …  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1


   T . =  (    d  e     𝜉 ^ 1  𝜃 1  d t )  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M +  e     𝜉 ^ 1  𝜃 1  (    d  e     𝜉 ^ 2  𝜃 2  d t ) …  e     𝜉 ^ n  𝜃 n M + …


          =    𝜉 ^ 1    𝜃 . 1  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2    𝜃 . 2  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M + …


   T  − 1 =  M  − 1  e  −    𝜉 ^ n  𝜃 n …  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1


   T . =  (    d  e     𝜉 ^ 1  𝜃 1  d t )  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M +  e     𝜉 ^ 1  𝜃 1  (    d  e     𝜉 ^ 2  𝜃 2  d t ) …  e     𝜉 ^ n  𝜃 n M + …


          =    𝜉 ^ 1    𝜃 . 1  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2    𝜃 . 2  e     𝜉 ^ 2  𝜃 2 …  e     𝜉 ^ n  𝜃 n M + …


     𝜉 ^ s =  T .  T  − 1 =    𝜉 ^ 1    𝜃 . 1 +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2    𝜃 . 2  e  −    𝜉 ^ 1  𝜃 1 +  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3    𝜃 . 3  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1 + …


     𝜉 ^ s =  T .  T  − 1 =    𝜉 ^ 1    𝜃 . 1 +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2    𝜃 . 2  e  −    𝜉 ^ 1  𝜃 1 +  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3    𝜃 . 3  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1 + …


  =    𝜉 ^ 1    𝜃 . 1 +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2  e  −    𝜉 ^ 1  𝜃 1    𝜃 . 2 +  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1    𝜃 . 3 + …                    


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


     𝜉 ^ s =  T .  T  − 1 =    𝜉 ^ 1    𝜃 . 1 +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2    𝜃 . 2  e  −    𝜉 ^ 1  𝜃 1 +  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3    𝜃 . 3  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1 + …


  =    𝜉 ^ 1    𝜃 . 1 +  e     𝜉 ^ 1  𝜃 1    𝜉 ^ 2  e  −    𝜉 ^ 1  𝜃 1    𝜃 . 2 +  e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3  e  −    𝜉 ^ 2  𝜃 2  e  −    𝜉 ^ 1  𝜃 1    𝜃 . 3 + …                    


  g ∈ S E  ( 3 )


   𝜉 ^ ∈ s e  ( 3 )


  g  𝜉 ^  g  − 1 ∈ s e  ( 3 )


    Ad g 𝜉


   𝜉 s =  𝜉 1    𝜃 . 1 +   Ad   e     𝜉 ^ 1  𝜃 1  𝜉 2    𝜃 . 2 +   Ad   e     𝜉 ^ 1  𝜃 1  e     𝜉 ^ 2  𝜃 2    𝜉 ^ 3    𝜃 . 3 + …                    


   J   𝜉 1  ( 𝜃 )


   J   𝜉 2  ( 𝜃 )


   J   𝜉 3  ( 𝜃 )


   𝜉 s =  J   𝜉 1  ( 𝜃 )    𝜃 . 1 +  J   𝜉 2  ( 𝜃 )    𝜃 . 2 +  J   𝜉 3  ( 𝜃 )    𝜃 . 3 + …                    


  =  [         J   𝜉 1   J   𝜉 2      J   𝜉 3  … ]  [           𝜃 . 1      𝜃 . 2         𝜃 . 3   ⋮ ] =  J 𝝃  𝜽 .


  ∆ 𝜃 =  𝑱 𝝃  − 1  (   𝜉 ∆ ) ,   where    𝜉 ∆ =   log ⁡   (   T  c u r r e n t  − 1  ( 𝜃 )  T  t a r g e t )

